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In the present work, we review some general aspects of modified gravity theories,
investigating mathematical and physical properties and, more specifically, the
feature of viable and realistic models able to reproduce the dark energy epoch and
the early-time inflation. We will discuss the black hole solutions in generalized
theories of gravity: it is of fundamental interest to understand how properties and
laws of black holes in General Relativity can be addressed in the framework of
modified theories. In particular, we will discuss the energy issue and the possibility
to derive the First Law of thermodynamics from the field equations. Then, in the
analysis of cosmological solutions, we will pay a particular attention to the
occurrence of finite-time future singularities and to the possibility to avoid them
in F(R,G)-gravity. Furthermore, realistic models of F (R)-gravity will be analyzed
in the detail. A general feature occurring in matter era will be shown, namely the
high derivatives of Hubble parameter may be influenced by the high frequency
oscillation of the dark energy and some correction term is required in order to
stabilize the theory at high redshift. The inflationary scenario is also carefully
analyzed and an unified description of the universe is risen. In the final part of the
work, we will have a look at the last developments in modified gravity, namely we
will investigate cosmological and black hole solutions in a covariant field theory of
gravity and we will introduce the extended “teleparallel” F (T )-gravity theories. A
nice application to the dark matter problem will be presented.
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Chapter 1
Introduction
Recent observational data imply -against any previous belief- that the current expansion of the
universe is accelerating [1]-[8]. Since this discovery, the so called Dark Energy issue has become
the “Mystery of the Millennium” [9]. Today, dark energy is probably the most ambitious and
tantalizing field of research because of its implications in fundamental physics. There exist several
descriptions of the acceleration of the universe. Among them, the simplest one is the introduction
of small positive Cosmological Constant in the framework of General Relativity, the so called
ΛCDM model, where the dark energy, whose energy density is given by Cosmological Constant,
drives the accelerated expansion of the universe. Alternatively, accelerating Friedmann-Robertson-
Walker universe may be described by quintessence/phantom-fluid or other kind of inhomogenous
fluid, satisfying suitable Equation of State. That the dark fluid has an Equation of State parameter
ωDE very close to minus one represents an important point in favour of a Cosmological Constant-
like representation of the dark energy, but in principle quintessence/phantom-fluid is not excluded.
However, the estimated extremely small value of Cosmological Constant leads to several well-know
problems. The first one, is the so called ‘cosmological constant problem’. In quantum field theory,
the Cosmological Constant appears as the vacuum energy density, which has to be included in
gravity theory, as the vacuum effect [10] may suggest. On the other hand, the expected value of
vacuum energy density results to be of 122 orders (!) of magnitude larger than the observed value.
Supersymmetry and strings theories aim to solve this problem by different ways, but up to now a
successful answer seems to be far away [11].
Other questions arise from standard cosmology (the so-called ‘coincidence problem’, linked
with the same order of magnitude of matter and dark energy density in the universe today, the
origin of dark matter, the absence of a consistent quantum theory of gravity and so on), and,
despite the successful results obtained by General Relativity in describing the universe and the
Solar System, it is well accepted the idea according to which General Relativity plus Cosmological
Constant is not the ultimate theory of gravity, but an extremely good approximation valid in the
present day range of detection.
The existence of an early accelerated epoch in our universe, namely the ‘hot universe’ scenario
or inflation, adds a new problem to the standard cosmology, and various proposals to construct
acceptable inflationary model exist (scalar, spinor, (non-)abelian vector theory and so on). Oth-
erwise, the scenarios to describe the early-time and the late-time accelerations are usually very
similar and is quite natural to expect that same theory lies behind both they. Since General
Relativity with matter and radiation correctly describes the intermediate (decelerated) expan-
sion of the universe, it is reasonable to expect that a different gravitational theory dictates the
(Friedman-Robertson-Walker) background evolution at high and small energy (curvatures) with-
out the introduction of any other dark components.
The modified theories of gravity represent a generalization of Einstein’s gravity, where some
combination of curvature invariants (The Riemann tensor, the Weyl tensor, the Ricci tensor and
so on) replaces or is added into the classical Hilbert-Einstein action formed by the Ricci scalar
term R. Thus, in this framework, the early-time and the late-time acceleration may be caused by
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the fact that some (sub)-dominant terms of gravitational action become essential at high or small
curvatures. Moreover, some other related problem of Cosmological Constant could be solved in
this way. Of course, the complete understanding of gravity and the fundamental theory remains
to be an open problem of modern physics.
The original idea of taking the gravitational action to be a more general invariant of the
Riemann tensor has been contemplated long time ago by Buchdahl [12]. In 1980 Starobinsky
proposed the introduction of a correction to Hilbert-Einstein action in the form of R+R2 in order
to solve many of the problems left open by the inflation [13], so that the Starobinsky model can
be considered as the first modified gravity inflationary model. Finally, after the discover of cosmic
acceleration, the interest in models of modified gravity grew up in the last then years. In Refs. [14]-
[18] is possible to find some examples. Here, the first candidate proposed to explain the current
acceleration was the model R− µ40/R, with µ0 on the same order of Hubble parameter today, but
this theory is subject to cosmological instabilities. In Ref. [19], one of the first consistent models
which passes the cosmological test was investigated, and the first work of a viable unification of
the early- and late-time acceleration was studied by Nojiri & Odintsov in Ref. [20]. Moreover, in
Ref. [21], Capozziello et al. suggested that both, dark matter and dark energy, are curvature effects
of some modification to standard gravity. The origin of F(R)-gravity from string was proposed in
Ref. [22, 23], where new gravitational physics comes from M -theory. For a general review of dark
energy see Ref. [24].
The mathematical structure of modified theories of gravity and their physical properties are an
exciting field of research. Furthermore, despite the arena of modified gravity-models is in principle
infinite, the very accurate data arisen from observation of our universe, restrict the field of viable
models.
The aim of this work is to present the both, some mathematical and physical general aspects
of modified gravity, and, more specifically, the proprieties of viable, realistic models of modified
gravity which can be used to reproduce the inflation and the dark energy epoch of universe today.
The work is organized as the following. In Chapter 2, the formalism of F(R,G)-modified
gravity is presented. In this kind of theories, the modification to the Hilbert-Einstein action is
given by the function F(R,G) of the Ricci scalar R and the Gauss-Bonnet invariant G. A remark
is in order. As a rule, modification of gravity may contain a huge list of invariants. Otherwise,
we often work with the above specific class of models. The popularity of F (R)-gravity, where the
modification is a function of the Ricci scalar only, is clearly motivated by the easier formalism
and by the prospect to find a final theory of gravity in its simplest form. Furthermore, the
Gauss-Bonnet modified gravity is a string-inspired theory which also has been proposed as a good
candidate for the inflation and the dark energy scenario. In Chapter 3, we will discuss the black
hole solutions in modified gravity. Our aim is to address in the framework of generalized theories
of gravity proprieties and laws of the black holes of General Relativity. The black hole solutions
in modified gravity are not expected to share the same laws of their Einsteinian counterparts.
Some of the physical quantities one would like to define for modified gravity are their mass,
their horizon entropy, their temperature and so on. In particular, the mass problem results to
be an interesting issue and here we propose and identify the mass with a quantity proportional
to the constant of integration, which appears in the explicit black hole solutions, making use of
derivation of the First Law of black hole thermodynamics from the equations of motion (where
it is possible), and evaluating independently the entropy via Wald method and the Hawking
temperature via quantum mechanical methods in curved space-times. The results are investigated
in F (R)-, F(R,G)-gravity and therefore an attempt to extend them to general classes of modified
gravity theories is done. In Chapter 4, we consider the (Friedman-Robertson-Walker) cosmological
solutions of F(R,G)-gravity and we study the occurence of the finite-time future singularities. It is
explicitly demonstrated that the Gauss-Bonnet modified gravity as well as the F (R)-gravity may
show singularities during cosmological evolution. However, the introduction of specific form of
curvature terms may naturally solve the problem of singularities in generalized theories of gravity:
moreover, we will see that this kind of terms may also induce the early-time acceleration. In other
words, the non-singualar dark energy scenario is strictly related with the inflation and an unified
description is suggested. In Chapter 5, as a prosecution of Chapter 4, we study inhomogeneous
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viscous fluids, especially related with modified gravity and singularities. In Chapters 6, 7, 8, we
restrict our analysis to realistic models of F (R)-modified gravity producing (unstable) de Sitter
inflation and (stable) de Sitter solution of dark energy epoch, the so called ‘one step’- and ‘two
steps’-models, paying particular attention to exponential gravity corrections of General Relativity.
It is quite interesting to note how, despite this models mimic with high precision the ΛCDMModel,
the dynamical behaviour of Equation of State and the introduction of new degree of freedom in the
equations of motion, involve a very accurate analysis in order to reach the feasibility of the models
and in order to fit the all the most recent and accurate observational data. In Chapter 7, we show
that the behavior of higher derivatives of the Hubble parameter in F (R)-gravity may be influenced
by large frequency oscillations of effective dark energy during matter era, which makes solutions
singular and unphysical at a high redshift. As a consequence, we examine an additional correction
term to the models in order to remove any instability with keeping the viability properties. This
analysis is very interesting, since points out a general feauture of realistic F (R)-gravity, as it is
carefully demonstrated in analytical and numerical way for power-law and exponential gravity.
Some comments about future universe evolution and the growth of matter perturbations are also
given. In Chapter 8, the numerical analysis of viable inflation is carried out. To conclude, in the
last Chapters we will have a look at the last stadies of modified gravity, by considering very recent
proposals. In Chapter 9, the black hole and de Sitter solutions are considered in a covariant-
renormalizable field theory of gravity. The popularity of this kind of theories is related with the
possibility to reach a quantum theory of gravity. Finally, in Chapter 10, an introduction to F (T )-
models is given. These models are based on the “teleparallel” equivalent of General Relativity
and instead of using the curvature defined via the Levi-Civita connection, we use the Weitzenbo¨ck
connection, and work with the torsion T instead the curvature R: an interesting application to
dark matter problem is presented.
The present work is based on the Refs. [51, 79, 80, 81, 93, 117, 125, 165, 170, 187, 190, 194,
198, 230, 296], published in the referred journals and conference proceedings. A part of this work
was carried out also in Ref. [25].
Units: We use units of kB = c = ~ = 1 and denote the gravitational constant GN by κ
2 ≡
8πGN , such that G
−1/2
N = MPl, being MPl = 1.2× 1019GeV the Planck mass.
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Chapter 2
The formalism of F(R,G)-theories of
gravity.
In modified theories of gravity the Hilbert-Einstein action of General Relativity (GR), that
is the Ricci scalar R, is substituted by a more general combination of curvature invariants like
the Riemann and Ricci tensors or tensors formed from these by the operations of taking duals,
contractions or covariant differentiations. The simplest class of modified gravitational theories
is the F (R)-gravity, where the Lagrangian is a function F (R) of the Ricci scalar only [26]-[29].
Among them, the most reasonable choice is F (R) = R+ f(R), where the modification is given by
the function f(R) of the Ricci scalar itself. In this way, one can describe the universe where we
live by treating the modification of gravity like an effective fluid producing acceleration of dark
energy (DE) epoch. An other interesting class of modified theories is string-inspired Gauss-Bonnet
gravity, the so-called F (G)-gravity [30]-[50], where F (G) is a function of the Gauss-Bonnet four
dimensional topological invariant G. In this Chapter, we explore the formalism of F(R,G)-gravity
models, where the modification to GR is given by a general combination of the both, the Ricci
scalar and Gauss-Bonnet invariant, and we briefly derive the gravitational field equations for the
Friedman Robertson Walker (FRW) and spherically static symmetric (SSS) metrics. In the end
of the Chapter, we will give some elments of scalar tensor theories.
2.1 The action and FRW equations of motion
The action of F(R,G)-gravity in four dimension is given by
I =
∫
M
d4x
√−g
[F(R,G)
2κ2
+ L(matter)
]
, (2.1)
where g is the determinant of the metric tensor gµν , L(matter) is the matter Lagrangian and M is
the space-time manifold. F(R,G) is a generic function of the Ricci scalar R and the Gauss Bonnet
four dimensional topological invariant1 G:
G = R2 − 4RµνRµν +RµνξσRµνξσ . (2.2)
In fact, the Gauss-Bonnet is a combination of the Riemann Tensor Rµνξσ, the Ricci Tensor Rµν =
Rρµρν and its trace R = g
αβRαβ .
1 In four dimension, any linear combination of the Gauss-Bonnet invariant does not contribute to the effective
Lagrangian.
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The gravitational field equations are derived from the action (2.1) and read
F ′R
(
Rµν − 1
2
Rgµν
)
= κ2T (matter)µν +
1
2
gµν (F − F ′RR) +∇µ∇νF ′R − gµνF ′R
+
(−2RRµν + 4RµρRνρ − 2RµρστRνρστ + 4gαρgβσRµανβRρσ)F ′G
+2 (∇µ∇νF ′G)R− 2gµν (F ′G)R+ 4 (F ′G)Rµν − 4 (∇ρ∇µF ′G)Rνρ
−4 (∇ρ∇νF ′G)Rµρ + 4gµν (∇ρ∇σF ′G)Rρσ − 4 (∇ρ∇σF ′G) gαρgβσRµανβ . (2.3)
In the above equation, F(R,G) has been replaced with F and we have used the following expres-
sions:
F ′R ≡
∂F
∂R
, F ′G ≡
∂F
∂G
. (2.4)
Furthermore, ∇µ is the covariant derivative operator associated with gµν , φ ≡ gµν∇µ∇νφ is the
covariant d’Alembertian for a scalar field φ, and T
(matter)
µν = diag (ρm, pm, pm, pm) is the contri-
bution to the stress energy-momentum tensor from all ordinary matters2, with ρm and pm being,
respectively, the matter energy-density and pressure. By putting F(R,G) = R, we recover the
Einstein’s Equation.
The most general flat FRW space-time is described by the metric
ds2 = −N2(t)dt2 + a(t)2 (dx2 + dy2 + dz2) , (2.5)
where a(t) is the scale factor of the universe and N(t) is an arbitrary function of the cosmic time
t. In what follows, we take the gauge N(t) = 1.
In the FRW background, from (µ, ν) = (0, 0) component and the trace part of (µ, ν) = (i, j),
with i, j = 1, 2, 3, in Eq. (2.3), we obtain the equations of motion (EOMs):(
3
κ2
H2
)
F ′R = ρm +
1
2κ2
[
(F ′RR+GF ′G −F)− 6HF˙ ′R − 24H3F˙ ′G
]
, (2.6)
− 1
κ2
(
2H˙ + 3H2
)
F ′R = pm +
1
2κ2
[
− (F ′RR+GF ′G −F) + 4HF˙ ′R + 2F¨ ′R
+16H
(
H˙ +H2
)
F˙ ′G + 8H2F¨ ′G
]
. (2.7)
Here, H = a˙(t)/a(t) is the Hubble parameter and the dot denotes the time derivative. Moreover,
the Ricci scalar and the Gauss-Bonnet invariant read
R = 6
(
2H2 + H˙
)
, (2.8)
G = 24H2
(
H2 + H˙
)
. (2.9)
In a large class of modified gravity theories which reproduce the cosmology of Standard Model
at the level of Solar System or at high curvatures of matter era, one has
F(R,G) = R+ f(R,G) . (2.10)
Thus, the modification to gravity is encoded in the function f(R,G) of R and G, which is added to
the classical action of General Relativity as a suitable gravitational term yelding inflation and/or
current cosmic acceleration without invoking any dark component. In this text, we will often
2In general, it includes matter and radiation.
9
discuss modified gravity in this form, such that, in analogy with the theory of Einstein, we can
rewrite the field equations as
Rµν − 1
2
Rgµν = κ
2
(
TMGµν + T˜
(matter)
µν
)
. (2.11)
Here, the part of modified gravity is formally included into the ‘modified gravity’ stress-energy
tensor TMGµν ,
TMGµν ≡
1
κ2F ′(R)
{
1
2
gµν (F − F ′RR) +∇µ∇νF ′R − gµνF ′R
+
(−2RRµν + 4RµρRνρ − 2RµρστRνρστ + 4gαρgβσRµανβRρσ)F ′G
+2 (∇µ∇νF ′G)R− 2gµν (F ′G)R+ 4 (F ′G)Rµν − 4 (∇ρ∇µF ′G)Rνρ
−4 (∇ρ∇νF ′G)Rµρ + 4gµν (∇ρ∇σF ′G)Rρσ − 4 (∇ρ∇σF ′G) gαρgβσRµανβ
}
. (2.12)
Hence, one must not forget that gravitational terms enter in both sides of the Eq. (2.11). Further-
more, T˜
(matter)
µν is given by the non-minimal coupling of the ordinary matter stress-energy tensor
T
(matter)
µν with geometry, namely,
T˜ (matter)µν =
1
F ′R
T (matter)µν . (2.13)
It should be noted that only T
(matter)
µν is covariant conserved, and formally κ2/F ′R may be inter-
preted as an effective gravitational constant. Now equations (2.6)–(2.7) read
ρeff =
3
κ2
H2 , (2.14)
peff = − 1
κ2
(
2H˙ + 3H2
)
, (2.15)
where ρeff and peff are the effective energy density and pressure of the universe, respectively, and
these are defined as
ρeff ≡ 1F ′R
{
ρm +
1
2κ2
[
(F ′RR+GF ′G −F)− 6HF˙ ′R − 24H3F˙ ′G
]}
, (2.16)
peff ≡ 1F ′R
{
pm +
1
2κ2
[
− (F ′RR+GF ′G −F) + 4HF˙ ′R + 2F¨ ′R + 16H
(
H˙ +H2
)
F˙ ′G
+8H2F¨ ′G
]}
. (2.17)
On shell, namely by using Eqs. (2.14)–(2.15) and by writing F ′R as 1 + (F ′R − 1), one has
ρeff ≡ ρm + 1
2κ2
[
(F ′RR+GF ′G −F)− 6H2(F ′R − 1)− 6HF˙ ′R − 24H3F˙ ′G
]
, (2.18)
peff ≡ pm + 1
2κ2
[
− (F ′RR+GF ′G −F) + (4H˙ + 6H2)(F ′R − 1) + 4HF˙ ′R + 2F¨ ′R
+16H
(
H˙ +H2
)
F˙ ′G + 8H2F¨ ′G
]
. (2.19)
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For General Relativity with F(R,G) = R, we get ρeff = ρm and peff = pm and therefore
Eqs. (2.14)–(2.15) are the usual Friedman equations.
The following matter conservation law can be derived,
ρ˙m + 3H(ρm + pm) = 0 . (2.20)
For a perfect fluid, it gives the Equation of State (EoS)
pm = ωρm , (2.21)
ω being the thermodynamical EoS-parameter of matter. For standard matter, ω = 0 and ρm =
ρm(0)a(t)
−3, and for radiation, ω = 1/3 and ρr = ρr(0)a(t)−4, ρr being the radiation energy density
and ρm(0), ρr(0) generic constants given by boundary conditions.
We also can introduce the effective EoS by using the corresponding parameter ωeff ,
ωeff ≡ peff
ρeff
, (2.22)
such that (on shell)
ωeff = −1− 2H˙
3H2
. (2.23)
Thus, if the strong energy condition (SEC) is violated (ωeff < −1/3), the universe expands in an
accelerating way, and vice-versa.
2.2 F (R)-gravity: critical points and stability of cosmological
perturbations
This Section is devoted to the specific study of F (R)-gravity and in the next Section we will
generalize some results to a more general class of modified gravity theories.
The action of F (R)-gravity is given by
I =
∫
M
d4x
√−g
[
F (R)
2κ2
+ L(matter)
]
. (2.24)
Now, F (R) is a function of the Ricci scalar R only. Eq. (2.3) simply reads
F ′(R)
(
Rµν − 1
2
Rgµν
)
= κ2T (matter)µν +
{
1
2
gµν [F (R)−RF ′(R)] + (∇µ∇ν − gµν)F ′(R)
}
.
(2.25)
The prime denotes derivative with respect to the curvature R. The starting point is the trace of
field equations, which is trivial in Einstein gravity, R = −κ2T(matter), with T(matter) = gµνT (matter)µν
the trace of the matter stress energy tensor, but now it is
3F ′(R) +RF ′(R)− 2F (R) = κ2T(matter) . (2.26)
We can rewrite this equation as
F ′(R) =
∂Veff
∂F ′(R)
, (2.27)
where
∂Veff
∂F ′(R)
=
1
3
[
2F (R)−RF ′(R) + κ2T(matter)
]
, (2.28)
F ′(R) being the so-called ‘scalaron’ or the effective scalar degree of freedom. On the critical points
of the theory, the effective potential Veff has a maximum (or minimum), such that
F ′(R) = 0 , (2.29)
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and
2F (R)−RF ′(R) = −κ2T(matter) . (2.30)
For example, in the absence of matter, i.e. T(matter) = 0, one finds that the de Sitter/Anti-de
Sitter (dS/AdS) critical point associated with a constant scalar curvature RdS must satisfy the
relation
2F (RdS)−RdSF ′(RdS) = 0 . (2.31)
We have derived the de Sitter condition without using a specific metric Ansatz. It is valid in FRW
space-time, as well as in the SSS one, like for the well-known case of Scwarzshild-dS/AdS solution.
Performing the variation of Eq. (2.26) with respect to R = R(0) + δR, where R(0) is not
necessarly a constant, if we remember that F ′(R) = F ′′(R)R + F ′′′∇µR∇νR, we get, to first
order in δR,
R(0) +
F ′′′(R(0))
F ′′(R(0))
gµν∇µR(0)∇νR(0) − 1
3F ′′(R(0))
[
2F (R(0))−R(0)F ′(R(0)) + κ2Tmatter
]
+δR+
{[
F ′′′′(R(0))
F ′′(R(0))
−
(
F ′′′(R(0))
F ′′(R(0))
)2]
gµν∇µR(0)∇νR(0) + R
(0)
3
− F
′(R(0))
3F ′′(R(0))
+
F ′′′(R(0))
3(F ′′(R(0)))2
[
2F (R(0))−R(0)F ′(R(0)) + κ2T(matter)
]}
δR
+2
F ′′′(R(0))
F ′′(R(0))
gµν∇µR(0)∇νδR+O(δR2)− κ
2
3F ′′(R(0))
δT(matter) ≃ 0 . (2.32)
Here, δT(matter) is the variation of the trace of matter stress energy tensor. The above equation
can be used to study perturbations around critical points. The simplest case is given by a constant
value of R(0). For the dS/AdS solution (R(0) = RdS), by neglecting the contribute of matter and
by using the relation (2.31), we obtain (
−m2) δR ≃ 0 , (2.33)
where
m2 =
1
3
(
F ′(RdS)
F ′′(RdS)
−RdS
)
. (2.34)
Note that
m2 =
∂2Veff
∂F ′(RdS)2
. (2.35)
The second derivative of the effective potential represents the effective mass of the scalaron. Thus,
if m2 > 0 (in the sense of the quantum theory, the scalaron, which is a new scalar degree of
freedom, is not a tachyon), one gets a stable solution. In this case the stability consition reads
F ′(RdS)
RdSF ′′(RdS)
> 1 . (2.36)
Again, this result is independent on the metric background. We can take the FRW metric for
which Eq. (2.33) corresponds to
−
(
δ¨R± 3HdS ˙δR +m2δR
)
≃ 0 , (2.37)
where HdS = ±
√
RdS/12 (the signs minus are for the AdS solution), and cleary we see that
12
perturbation δR decreases or oscillates with time if m2 is positive, and exponentially diverges if
m2 is negative. As an example, let us consider modified gravity in the form
F (R) = R+ αRn , (2.38)
where α is a constant dimensional parameter and n is a positive number. In vacuum, this model
leads to the de Sitter solution
RdS =
(
1
α(n− 2)
) 1
n−1
, n 6= 2 , (2.39)
as a consequence of Eq. (2.31). We assume α > 0 if n > 2 and α < 0 if 0 < n < 2. The stability
condition (2.36) reads
1
n
> 1 . (2.40)
It means that if 0 < n < 1 the de Sitter point is stable and vice versa. We also observe that the
term R2 is trivial on the the Sitter solution, since in this case Eq. (2.31) is identically zero.
2.3 De Sitter solution and stability in F(R, P,Q)-modified
gravity
In this Section, we deal with modified generalized models described by the Lagragian density
F(R,P,Q) [51],
I =
∫
M
d4x
√−g
[F(R,P,Q)
2κ2
+ L(matter)
]
, (2.41)
where F(R,P,Q) is a function of the Ricci scalar and the quadratic curvature invariants
P = RµνR
µν , Q = RµνξσR
µνξσ . (2.42)
The Gauss-Bonnet corresponds to G = R2 − 4P +Q, according with Eq. (2.2).
The field equations for such class of models read [52]:
F ′R
(
Rµν − 1
2
gµνR
)
+
1
2
gµν(F ′RR −F) + 2F ′P RαµRαν + 2F ′QRαβγµRαβγν
+ gµν FR −∇µ∇νF ′R − 2∇α∇β [F ′P Rαµδβν ] +(F ′P Rµν)
+ gµν ∇α∇β(F ′P Rαβ)− 4∇α∇β [F ′QRαµνβ ] = 8πGTµν . (2.43)
For simplicity we have putted F(R,P,Q) ≡ F and
F ′R ≡
∂F
∂R
, F ′P ≡
∂F
∂P
, F ′Q ≡
∂F
∂Q
. (2.44)
The trace of Eq. (2.43) is given by
∇2 (3F ′R +RF ′P )+2∇µ∇ν
[(F ′P + 2F ′Q)Rµν]− 2F+RF ′R+2 (F ′P + F ′Q) = κ2T(matter) . (2.45)
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For R = R0, P = P0, and Q = Q0, where R0, P0, Q0 are constants, one has the dS/AdS condition
in vacuum
2F(0) −R0F ′R(0) − 2P0F ′P (0) − 2Q0F ′Q(0) = 0 . (2.46)
The adding subscript ‘0’ indicates that the functions are evaluated at the de Sitter point. Perturb-
ing around the de Sitter-space, namely R = R0 + δR, P = P0 + δP , and Q = Q0 + δQ, observing
that3 P0 = R
2
0/4 and Q0 = R
2
0/6, and δP = (R0/2) δR, and δQ = (R0/3) δR, one obtains to first
order in δR (
−M2) δR ≃ 0 , (2.47)
in which the scalaron effective mass reads
M2 =
R0
3

 F ′R(0) + 2R03
(
F ′P (0) + F ′Q(0)
)
R0
[
AR(0) +AP (0) +AQ(0) +
2
3
(
F ′P (0) + F ′Q(0)
)] − 1

 , (2.48)
with


AR(0) =
(F ′′RR + R2 F ′′RP + R3 F ′′RQ) ∣∣∣
R0,P0,Q0
,
AP (0) =
R
3
(F ′′RQ + R2 F ′′QP + R3 F ′′QQ) ∣∣∣R0,P0,Q0 ,
AQ(0) =
R
2
(F ′′RP + R2 F ′′PP + R3 F ′′PQ) ∣∣∣
R0,P0,Q0
.
(2.49)
Thus, if M2 > 0, one has stability of the de Sitter solution. In the particular case F(R,P,Q) =
F(R,G), we get [53, 54]
9F ′R
R[9F ′′RR + 6RF ′′RG +R2F ′′GG]
∣∣∣
R0, G0
> 1 . (2.50)
We note that G0 = R
2
0/6. For F (R)-gravity, one also recovers the condition (2.36).
2.4 Topological static spherically symmetric metric: Lagrangian
derivation
In this Section we derive the EOMs for topological SSS vacuum solutions in F(R,G)-gravity. A
convenient Lagrangian derivation is presented.
We shall look for static, (pseudo-)spherically symmetric solutions with various topologies, and
write the metric element as
ds2 = −e2α(r)B(r)dt2 + dr
2
B(r)
+ r2
(
dρ2
1− kρ2 + ρ
2dφ2
)
, (2.51)
where α(r) and B(r) are functions of the radius r, and the manifold will be either a sphere S2, a
torus T2 or a compact hyperbolic manifold Y2, according to whether k = 1, 0,−1, respectively.
3In the specific, the following relations hold true:
δP = 2RµνδR
µν =
2
4
Rµνg
µνδR =
R0
2
δR ,
δQ = 2RµνξσδR
µνξσ =
2
6
Rµνξσ
(gµνgξσ − gνσgξµ)
2
δR =
R0
3
δR .
14
With this metric Ansatz, the scalar curvature and the Gauss-Bonnet read
R = − 1
r2
[
3r2
(
dB(r)
dr
)(
dα(r)
dr
)
+ 2r2B (r)
(
dα(r)
dr
)2
+ r2
(
d2B(r)
dr2
)
+2r2B (r)
(
d2α(r)
dr2
)
+4r
(
dB(r)
dr
)
+ 4rB(r)
(
dα(r)
dr
)
+ 2B(r)− 2k
]
, (2.52)
G =
4
r2
[(
dα(r)
dr
)(
dB(r)
dr
)
(5B(r)− 3) +
(
dB(r)
dr
)2
+
(
d2B(r)
dr2
)
(B(r) − k)
+2(B(r)− k)B(r)
((
dα(r)
dr
)2
+
d2α(r)
dr2
)]
. (2.53)
By plugging this expression into the action (2.1), and by neglecting the contribute of matter, one
obtains a higher derivative Lagrangian theory. In order to work with a first derivatives Lagrangian
system, we may use the method of Lagrangian multipliers, adopted for the FRW space-time in
Refs. [53, 55, 56]. In the spherically static case we are dealing with, the method permits to consider
as independent Lagrangian coordinates the scalar curvature R = R(r), the Gauss Bonnet invariant
G = G(r) and the quantities α(r) and B(r), appearing in the metric. The main difference with
respect to the other general approaches is that we do not directly use field equations (2.3). By
introducing the Lagrangian multipliers λ and µ and making use of Eq. (2.52)–(2.53), the (effective)
action may be written as
Iˆ ≡ 1
2κ2
∫
dt
∫
dr
(
eα(r)r2
){
F(R,G)− λ
[
R+ 3
(
d
dr
B (r)
)
d
dr
α (r)
+2B (r)
(
d
dr
α (r)
)2
+
d2
dr2
B (r) + 2B (r)
d2
dr2
α (r) +
4
r
d
dr
B(r)
+4
B (r)
r
d
dr
α (r) + 2
B (r)
r2
−2k
r2
]
−µ
[
G− 4
r2
[(
dα(r)
dr
)(
dB(r)
dr
)
(5B(r) − 3k) +
(
dB(r)
dr
)2
+
(
d2B(r)
dr2
)
(B(r) − k)
+2(B(r)− k)B(r)
((
dα(r)
dr
)2
+
d2α(r)
dr2
)]}
. (2.54)
The variations with respect to R and G lead to
λ = F ′R(R,G) , µ = F ′G(R,G) . (2.55)
Thus, by substituting this values and after a partial integration, the total Lagrangian L of the
system assumes the form (we use convention (2.4))
L(α, dα/dr,B, dB/dr,R, dR/dr,G, dG/dr) = eα(r)
{
r2 (F − F ′RR−F ′GG)
+2F ′R
(
k − rdB(r)
dr
−B(r)
)
+ F ′′RR
dR
dr
r2
(
dB(r)
dr
+ 2B(r)
dα(r)
dr
)
−F ′′GG
dG
dr
(
4
dB(r)
dr
+ 8B(r)
dα(r)
de
)
(B(r) − k)
}
. (2.56)
This is a standard Lagrangian and depends on the first derivatives of the coordinates. It is also
easy to see that, if F ′G = const, namely G simply is a linear term, the contribute of Gauss-Bonnet
15
disappears. Making the variation with respect to α(r) and with respect to B(r), and by dropping
1/(2κ2), one finally gets the EOMs:
eα(r)
{
r2(F − F ′RR−F ′GG) + 2F ′R
[
k − r
(
dB(r)
dr
)
−B(r)
]
− dF
′
R
dr
[
r2
(
dB(r)
dr
)
+ 4rB(r)
]
−2r2B(r)d
2F ′R
dr2
+ 4(3B(r)− k)
(
dB(r)
dr
)
dF ′G
dr
+ 8B(r)(B(r) − k)d
2F ′G
dr2
}
= 0 , (2.57)
eα(r)
{
dα(r)
dr
(
2rF ′R + r2
dF ′R
dr
− 4(3B(r) − k)dF
′
G
dr
)
− r2 d
2F ′R
dr2
+ 4(B(r) − k)d
2F ′G
dr2
}
= 0. (2.58)
The above equations with Eqs. (2.52)–(2.53) form a system of four ordinary differential equations
in the four unknown quantities α(r), B(r), R(r) and G(r). By explicitly written R and G in
Eqs. (2.57)–(2.58) as functions of B(r) and α(r), we reduce the system to the two fourth order
(independent) differential equations of (2.3), but we will see in Chapter 3 that the present form
results to be much more useful in finding explicit solutions.
Let us see for some well-known case in order to check the formalism. When F(R,G) = R, the
equations lead to the topological Schwarzschild solution,

α(r) = const ,
B(r) =
(
k − c0r
)
.
(2.59)
Here, c0 is an integration constant. Furthermore, the Ricci scalar results to be R = 0.
Another well known solution when F(R,G) is a function of R only, i.e. F(R,G) = F (R), is
the one associated with R constant. As a result, with α(r) = const, Eq. (2.58) is trivially satisfied,
and Eq. (2.52) with Eq. (2.57) leads to the topological Schwarschild-dS/AdS solution
B(r) =
(
k − c0
r
− Λr
2
3
)
, (2.60)
when the de Sitter condition (2.31) is verified, namely 2F (R)−RF ′(R) = 0. Here, Λ = const such
that R = 4Λ.
In the same way, it is also possible to verify that in general F(R,G)-gravity the pure topological
dS/AdS solution,
B(r) =
(
k − Λr
2
3
)
, (2.61)
with α(r) = const, exists provided by the condition F −RF ′R −GF ′G + 2ΛF ′R = 0, where R = 4Λ
and G = 8Λ2/3 are constants. For example, the model F(R,G) = R+ γG2, with γ a dimensional
parameter, exhibits the de Sitter solution with Λ = [9/(32γ)]1/3.
2.5 Conformal transformations in F (R)-gravity
In (non-minimally) scalar-tensor theories of gravity, a scalar field strongly coupled to the metric
field through the Ricci scalar in the action is used. The first model of scalar-tensor theory was
proposed by Brans & Dicke in 1961 [57], trying to incorporate Mach’s principle into the theory
of gravity. In Brans-Dicke theory a scalar field φ, whose kinetic term is proportional to 1/φ, is
coupled with the Ricci scalar. Furthermore, in scalar tensor theories, a potential V (φ) of scalar
field may appear. The success of this kind of theories principally is related with the possibility to
reproduce the primordial acceleration of the universe, namely the inflation.
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Amodified gravity theory may be rewritten in scalar-tensor or Einstein frame form. We analyze
the case of F (R)-gravity. One can introduce in the so called Jordan frame action of Eq. (2.24)
a scalar field which couples to the curvature. Of course, this is not exactly physically-equivalent
formulation, as it is explained in Ref. [58]. However, Einstein frame formulation may be used for
getting some of intermediate results in simpler form (especially, when the matter is not accounted
for).
Let us introduce the field A into Eq. (2.24):
IJF =
1
2κ2
∫
M
√−g [F ′(A) (R −A) + F (A)] d4x . (2.62)
Here ‘JF ’ means ‘Jordan frame’ and we neglect the contribute of matter. By making the variation
of the action with respect to A, we obtain A = R. The scalar field σ is defined as
σ = − ln[F ′(A)] . (2.63)
Consider now the following conformal transformation of the metric,
g˜µν = e
−σgµν , (2.64)
for which we get the ‘Einstein frame’ action of the scalar field σ
IEF =
1
2κ2
∫
M
d4x
√
−g˜
{
R˜− 3
2
(
F ′′(A)
F ′(A)
)2
g˜µν∂µA∂νA− A
F ′(A)
+
F (A)
F ′(A)2
}
=
1
2κ2
∫
M
d4x
√
−g˜
(
R˜− 3
2
g˜µν∂µσ∂νσ − V (σ)
)
, (2.65)
where
V (σ) ≡ A
F ′(A)
− F (A)
F ′(A)2
= eσR(e−σ)− e2σF [R(e−σ)] . (2.66)
Here, R(e−σ) is the solution of Eq. (2.63) with A = R, becoming R a function of e−σ, and R˜
denotes the Ricci scalar evaluated in the conformal metric g˜µν . Furthermore, g˜ is the determinant
of conformal metric, namely g˜ = e−4σg.
At this point, it results to be interesting to make a comparison with conformal transformation
of matter Lagrangian. After the scale transformation gµν → e−σgµν is done, there appears a
coupling of the scalar field σ with matter. For example, if matter is a scalar field Φ, with mass
MΦ, whose action is given by
IJF (Φ) =
1
2
∫
M
d4x
√−g (−gµν∂µΦ∂νΦ−M2ΦΦ2) , (2.67)
then there appears a coupling with σ in Einstein frame,
IEF (Φ) =
1
2
∫
d4x
√
−g˜ (−eσg˜µν∂µΦ∂νΦ−M2Φe2σΦ2) . (2.68)
The strength of the coupling is of the same order as that of the gravitational coupling κ2 in
Eq. (2.65). Unless the mass corresponding to σ, which is defined by m2σ
m2σ ≡
3
2
d2V (σ)
dσ2
=
3
2
{
A
F ′(A)
− 4F (A)
(F ′(A))2
+
1
F ′′(A)
}
, (2.69)
is big, the system is unstable. Sometimes in modified gravity it is necessary to check stability of the
solutions with a detailed investigation on the mass of σ in conformal transformation framework.
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Conformal FRW metric
By using a Lagrangian derivation similar to the one presented in § 2.4, we complete this Section
by giving the FRW and the SSS-conformal equations of motion.
Let us consider the conformal transformation (2.64) of FRW metric (2.5), namely
ds˜2 = −N(t)2e−σ(t)dt2 + a(t)2e−σ(t) (dx2 + dy2 + dz2) . (2.70)
Here, σ(t) is a function of t. The scalar curvature R˜ reads
R˜ = 6eσ(t)
(
a¨(t)
a(t)N(t)2
+
a˙(t)2
a(t)2N(t)2
− a˙(t)N˙ (t)
a(t)N(t)3
)
+3eσ(t)
(
σ˙(t)2
2N(t)2
+
N˙(t)σ˙(t)
N(t)3
− 3σ˙(t)a˙(t)
a(t)N(t)2
− σ¨(t)
N(t)2
)
. (2.71)
If we put σ(t) = 0 and N(t) = 1, we obtain Eq. (2.8). By plugging this expression into the
Einstein frame action (2.65) with conformal metric (2.70) and by making an integration by part,
one arrives at the Lagrangian,
L
(
a(t), a˙(t), N(t), N˙(t), σ(t), ˙σ(t)
)
=
6e−σ(t)
N(t)
[
a˙(t)a(t)2σ˙(t)− a˙(t)2a(t)] − V (σ(t))a(t)3N(t)e−2σ(t) , (2.72)
and we deal with a first derivative Lagrangian system. The Hamilton-Jacobi equations for N(t),
a(t) and σ(t) give the following EOM in the gauge4 N(t) = 1:
6H (H − σ˙(t)) = V (σ(t))e−σ(t) , (2.73)
2
(
3H2 + 2H˙
)
= V (σ(t))e−σ(t) , (2.74)
3
(
2H2 + H˙
)
= e−σ(t)
(
V (σ(t)) − 1
2
dV (σ(t))
dσ
)
. (2.75)
Note that, due to the presence of scalar field σ(r), in conformal theories we work with an additional
equation of motion. If V (σ(t)) = 0, the last equation is redundant.
Conformal topological SSS metric
Let us consider the conformal transformation (2.64) of topological SSS metric (2.51), namely
ds˜2 = −B(r)e2α(r)−σ(r)dt2 + dr
2
B(r)eσ(r)
+ r2e−σ(r)
(
dρ2
1− kρ2 + ρ
2dφ2
)
. (2.76)
4We stress that, following this Lagrangian derivation, we must assume the most general form for the metric, and
only once the EOMs have been derived the gauge N(t) = 1 can be choosen. On the contrary, in the derivation of
the EOMs through the direct differentiation of the action with respect to the metric tensor, we can fix the gauge
from the beginning.
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Here, the field σ(r) is a function of r. The scalar curvature R˜ reads
R˜ = −2eσ(r)B (r)
(
dα(r)
dr
)2
− 4e
σ(r)B (r)
r
(
dα(r)
dr
)
− 3eσ(r)Br (r)
(
dα(r)
dr
)
−2eσ(r)B (r)
(
d2α(r)
dr2
)
+ 3eσ(r)B (r)
(
dα(r)
dr
)(
dσ(r)
dr
)
+
6eσ(r)B (r)
r
(
dσ(r)
dr
)
+3eσ(r)
(
dB(r)
dr
)(
dσ(r)
dr
)
− 3
2
eσ(r)B (r)
(
dσ(r)
dr
)2
+ 3eσ(r)B (r)
(
d2σ(r)
dr2
)
−4e
σ(r)
r
(
dB(r)
dr
)
− eσ(r)
(
d2B(r)
dr2
)
− 2e
σ(r)B (r)
r2
+
2keσ(r)
r2
. (2.77)
If we put σ(r) = 0, we obtain Eq. (2.52). By plugging this expression into the Einstein frame
action (2.65) with conformal metric (2.76), and by making an integration by part, one arrives at
the Lagrangian,
L(α(r), dα(r)/dr,B(r), dB(r)/dr, σ(r), dσ(r)/dr) =
eα(r)−σ(r)
(
2k − 2B(r)− 2B(r)
dr
r − σ(r)
dr
B(r)
dr
r2 − 2α(r)
dr
σ(r)
dr
B(r)r2 − e−σ(r)V (σ(r))r2
)
. (2.78)
The Hamilton-Jacobi equations for α(r), B(r) and σ(r) give the following EOM:
2k − 2
(
dB(r)
dr
)
r − 2B(r) +
(
dB(r)
dr
)(
dσ(r)
dr
)
r2 + 2B(r)
(
d2σ(r)
dr2
)
r2
+4r
(
dσ(r)
dr
)
B(r) − 2r2
(
dσ
dr
)2
B(r) = r2e−σ(r)V (σ(r)) , (2.79)
2r
(
dα(r)
dr
)
−
(
dα(r)
dr
)(
dσ(r)
dr
)
r2 +
(
d2σ(r)
dr2
)
r2 −
(
dσ(r)
dr
)2
r2 = 0 , (2.80)
−
(
d2B(r)
dr2
)
r2 − 4
(
dB(r)
dr
)
r − 3
(
dB(r)
dr
)(
dα(r)
dr
)
r2 − 2
(
dα(r)
dr
)2
B(r)r2
−2
(
d2α(r)
dr2
)
B(r)r2 − 4
(
dα(r)
dr
)
B(r)r − 2B(r) + 2k = r2e−σ(r)
(
2V (σ(r)) − dV (σ(r))
dσ
)
.
(2.81)
Again, the last equation is redundant if V (σ(r)) = 0.
The scalar field formulation has many application also in Gauss-Bonnet modified gravity. For
example, in Ref. [59] a non-local model of modified gravity, which depends on Gauss Bonnet
and other higher-derivative invariants (like −1G), is presented. By introducing a scalar field
coupled with the metric through the Gauss-Bonnet invariant, it is shown that a local form can
be obtained, and the analysis of the model results considerably simplified. Furthermore, it is
interesting to note that results and methods discussed in this Section can be extended for ghost
free massive F (R)-bigravity, recently proposed in Ref. [60, 61].
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Chapter 3
Black hole solutions and energy issue
in modified gravity
Static, spherically symmetric solutions have been investigated in several papers and in the
Chapter 2 we have derived the corresponding field equations for F(R,G)-gravity. Typically,
modified models admit the de Sitter space as a solution, but the issue to find exact (non trivial)
SSS metrics appears a formidable task, since also for a reasonable model, the equations of motion
are much more complicated with respect to the ones of General Relativity. One should note that
in order to verify the consistence of a gravity theory in the weak-field limits with the standard
solar-system tests of GR, it is extremely important to know all the possible generalizations of
the analogue of the Schwarzschild metric in the generalized theory. Furthermore, the interest in
SSS solutions is related with the possibility in describing black holes (BHs). If a modified theory
lies behind our universe, it is crucial to (re)write proprieties and laws of GR in the framework
of extended gravity, where the black holes are not expected to share the same laws of their
Einsteinian counterparts: for this reason, following Visser in Ref. [62] , we shall refer to them as
“dirty black holes”. Some of the physical quantities one would like to address to dirty black holes
are their mass, the horizon entropy, their temperature and so on. Thanks to the large amount
of work carried over in the last decade, we can say that the issues of entropy and temperature
represent a well posed problem within the class of higher order gravitational models, but the
issue associated with the energy (mass) of these black holes is still a debated question, despite
tha fact that several attempts in order to find a satisfactory answer to the problem have been
investigated (see for example Refs. [63, 64, 65, 66] and references therein). In this Chapter, we will
exhibit some non trivial topological SSS vacuum solutions in F (R) and F(R,G)-gravity. Thus, an
attempt to give an expression for the energy of the associated BHs is proposed and identified with
a quantity proportional to the constant of integration, which appears in the explicit solutions. The
identification is achieved making use of derivation of the First Law of black hole thermodynamics
from the equations of motion, evaluating independently the entropy via Wald method [67] and the
Hawking temperature [68] via quantum mechanical methods in curved space-times. An attempt
to extend the results to general classes of modified gravity theories is done and several non trivial
examples are discussed. A particular attention is posed in Weyl conformal gravity. In this Chapter,
even if not specified, we denote with ci, where i = 0, 1, 2, generic dimensional or adimensional
constants appearing in the solutions.
3.1 F (R)-static spherically symmetric topological vacuum so-
lutions
The number of exact non-trivial static black hole solutions so far known in modified theories
of gravity is small: for the specific choice R1+δ, with δ a real parameter, a class of exact SSS
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solutions has been presented by Barrow & Clifton (2005) in Ref. [69] and in a simple class of Weyl
gravity, namely by adding to Hilbert-Einstein Lagrangian a non-polynomial contribution of the
type
√
C2, with C2 the square of the Weyl tensor, a SSS solution has been proposed by Deser,
Sarioglu & Tekin (2008) in Ref. [70]. Furthermore, in pure Weyl conformal gravity whose action is
given by C2 only, an interesting solution has been derived by Riegert (1984) in Ref. [71]. General
discussions on SSS solutions can be also found in Refs. [72]-[77], where one can check for further
references. The extremal limit of Schwarzshild-de Sitter solution in F (R)-gravity has been recently
studied in Ref. [78].
In this Section, we would like to investigate topological SSS solutions in the simple class of
F (R)-gravity models, by starting from the EOMs derived in §2.4. We will see how our Lagrangian
derivation allows us to deal with a simple first order differential equation system which generates
a large number of exact solutions [79, 80].
By putting F(R,G) = F (R), Eqs. (2.57)-(2.58) read:
eα(r)
{
[F (R)−RF ′(R)] + 2F
′(R)
r2
[
k −B(r) − rdB(r)
dr
]
− dF
′(R)
dr
[
dB(r)
dr
+
4B(r)
r
]
−2B(r)d
2F ′(R)
dr2
}
= 0 , (3.1)
eα(r)
[
dα(r)
dr
(
2
r
+
dF ′(R)
dr
)
− d
2F ′(R)
dr2
]
= 0 . (3.2)
Once F (R) is given, together with equation (2.52), the above equations form a system of three
(second order) differential equations for the three unknown quantities α(r), B(r) and R(r). On the
other hand, it is also possible to try to reconstruct the models by starting from the solutions. In
fact, by taking the derivative with respect to r of Eq. (3.1), it is easy to see that all the system only
depends on F ′(R). As a consequence, fixing the form of α(r), one may reconstruct the model by
using Eq. (3.2) and therefore B(r) from Eq. (3.1). In general the Lagrangian one eventually finds
is not unique since we have to infer its form starting from the value it assumes on the solution. For
example, all Lagrangians of the form F (R) = Rg(R) with g(R) a generic function of R such that
limR→0 g(R) = 0, have the Schwarzschild solution. We note that one advantage of our system is
that B(r) does not explicitly appear in Eq. (3.2) and vice versa for α(r). In what follows, we shall
consider two important cases, that is, α(r) = Const and α(r) = log[(r/r0)
z ]. The second choice
corresponds to the Lifshitz solutions with redshift parameter z. Among this class, we will also
present the topological version of SSS Clifton-Barrow solution.
3.1.1 Solutions with constant α(r)
Now, let us consider the case of α(r) = Const. We can directly put α(r) = 0 without loss of
generality. The metric (2.51) reads
ds2 = −B(r)dt2 + dr
2
B(r)
+ r2
(
dρ2
1− kρ2 + ρ
2dφ2
)
. (3.3)
As a consequence, the Ricci scalar (2.52) becomes
R(r) = −d
2B(r)
dr2
− 4
r
dB (r)
dr
− 2 B (r)
r2
+
2k
r2
, (3.4)
and in general is not a constant. To see how the reconstruction procedure works, we must take
the derivative of equation (3.1) with respect to r, such that the two equations (3.1)–(3.2) give,
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after some algebra,[
2(B(r) − k)
r3
− 1
2
d2B(r)
dr2
]
F ′(r) +
(
2B(r)
r2
− 1
r
dB(r)
dr
)
dF ′(r)
dr
= 0 , (3.5)
d2
dr2
F ′(r) = 0 . (3.6)
Thus, from the second equation, we directly obtain
F ′(R) = ar + b . (3.7)
Here, a and b are two constants, b being adimensional. Putting this result into Eq. (3.5) and
integrating, one gets
1) a = 0, b 6= 0 , B(r) = k + c1r + c2r2 ;
2) a 6= 0, b = 0 , B(r) = k2 + c1r2 + c2r2 ;
3) a, b 6= 0 , B(r) = k2 + b3ar + c2 r2 + c0
[
b2
2a2 − bra − b
3
3a3r + r
2 log
[
ar+b
ar
]]
.
(3.8)
The last expression is the more general form which the B(r) function can assume if the metric
(3.3) is a solution of a generic F (R)-theory. We see that it depends, at most, on four independent
parameters (a, b, c0, c2), being implicitly the EOMs fourth order differential equations.
The corresponding scalar curvatures are given by
1) a = 0, b 6= 0 , R = −12c2 ;
2) a 6= 0, b = 0 , R = −12c2 + kr2 ;
3) a, b 6= 0 , R = −12c2 + kr2 + c0
[
−12 log [ar+bar ]+ b(12a3r3+4ab2r+18a2br2−b3)a2r2(b+ar)2 ] .
(3.9)
Now, in some cases we are able to “infer” the function F (R) which generates the solutions in (3.8).
In the first case, namely a = 0 , b 6= 0, using expressions (3.8)–(3.9) in Eq. (3.1) one may recover
the result of GR,
a = 0, b 6= 0 ,


B(r) = k − c1r − Λr
2
3 ,
R = 4Λ ,
F (R) = (R− 2Λ) = 2Λ .
(3.10)
Here, we have set b = 1, c2 = −Λ/3 and putted c1 → −c1. This is the topological Schwarzshild-
dS/AdS solution. We stress that the latter equation represents the value of F (R) evaluated on
the solution. Of course, there are infinitely many functions F (R) which reduce (on shell) to
F (R) = 2Λ for R = 4Λ and, in general, they do not give the correct solution1, but we have also
other possibilities (in particular, we will discuss in §3.6.2 the case of R2 model).
In the second case here considered, that is a 6= 0 , b = 0, we have
a 6= 0, b = 0 ,


B(r) = k2 +
c1
r2 + c2r
2 ,
R = −12c2 + kr2 ,
F (R) = 2a kr .
(3.11)
Thus, we easily get
r =
√
k
R + 12c2
, F (R) = 2a
√
k(R+ 12c2) , k 6= 0 . (3.12)
1This is a consequence of the fact that R does not depend on r and the reconstruction of the model can not be
well defined. In particular, we must also verify that F ′(R) = b, where in this case b = 1.
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One can directly verify, using Eqs. (3.1)–(3.2), that this Lagrangian effectively admits the vacuum
solution in (3.11).
In the third case here considered, that is a 6= 0 , b 6= 0, the method does not work owing to the
presence of logarithmic terms which prevent the explicit reconstruction of the Lagrangian, which
formally reads
F (R) =
1
2
bR+
k(b+ 4ar)
2r2
− c0b
5
2a2r2(ar + b)2
. (3.13)
However, if we choose c0 = 0, then the logarithm disappears from all equations and we get
a 6= 0, b 6= 0 , c0 = 0 ,


B(r) = k2 +
b
3ar + c2 r
2 ,
R = −12c2 + kr2 ,
F (R) = 12 bR+
k(b+4ar)
2r2 .
(3.14)
These equations can be easily solved and one has
r =
√
k
R+ 12c2
, F (R) = b(R + 6c2) + 2a
√
k(R+ 12c2) . (3.15)
Also in this case one can directly verify that the field equations are satisfied. For k = 0, the model
reduces to the corresponding topological case of (3.10).
3.1.2 Lifshitz like solutions
Now we are going to consider the second case, that is α(r) = log[r/r0]
z, where z is an (in
principle) arbitrary parameter and r0 a dimensional constant. With this special but important
choice, Eq. (3.2) can be explicitly solved, to get
F ′(r) = ar
1
2 (1+z+p(z)) + br
1
2 (1+z−p(z)) , p(z) =
√
z2 + 10z + 1 . (3.16)
Here, a, b are arbitrary (dimensional) constants. By choosing b = 0 (or a = 0) also the derivative
of Eq. (3.1), namely2
2F ′(r)
r3
(
2k − 2B(r) + r2 d
2B(r)
dr2
)
− dF
′(r)
dr
[
2B(r)
d2α(r)
dr2
+
dα(r)
dr
(
3
dB(r)
dr
+
4B(r)
r
)
+2B(r)
(
dα(r)
dr
)2
+
4B(r)
r2
− 2
r
dB(r)
dr
]
+
d2F ′(r)
dr2
(
4B(r)
r
+ 3
dB(r)
dr
)
+ 2B(r)
d3F ′(r)
dr3
= 0 ,
(3.17)
can be solved, obtaining in this way a complicated expression for B(r), valid for any z. It depends
on two arbitrary integration constants, say c1,2, and for z 6= 1 it assumes the form
B(r) = γ0 k +
c1
rγ+
+
c2
rγ−
, (3.18)
γ0, γ± being given function of z, which read
a 6= 0, b = 0 ,


γ0 =
2
(z−1)[p(z)−3(z+1)] ,
γ± = r
7z−p(z)−1
4 ± i2
√
z3+[p(z)−3] z2−[8p(z)−69] z−23p(z)+41
p(z)−3(z+1) ;
(3.19)
a = 0, b 6= 0 ,


γ0 = − 2(z−1)[p(z)+3(z+1) ,
γ± = r
7z+p(z)−1
4 ± 12
√
z3−[p(z)+3] z2+[8p(z)+69] z−23p(z)+41
p(z)+3(z+1) .
(3.20)
2In this equation, we give the general formalism valid for any choice of α(r).
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The corresponding metric can be considered as a generalization of the one of Clifton-Barrow (see
below). In the special case z = 1, a logarithmic term is also present.
For example, for the following choices of the parameters, we get
1) a 6= 0 , b = 0 , z = 1/2 ,


B(r) = 4k7 +
c1
r7/2
+ c2r ,
R = − 9c2r ,
F (R) = a
(
6k − 81c22R
)
;
(3.21)
2) a 6= 0 , b = 0 , z = 2 ,


B(r) = −k7 + c1r7 + c2r2 ,
R = 4kr2 ,
F (R) = a
(
30c2 − 16k2R
)
;
(3.22)
3) a 6= 0 , b = 0 , z = 1 ,


B(r) = − c1r−(3+
√
3)
3+
√
3
− 2k log(r)
3+
√
3
+ c2 ,
R = 12k log r+2(9+
√
3)k−6(3+√3)c2
(3+
√
3) r2
,
F (R) = a
[
R
r − 4kr3 + (54+30
√
3)c2−12k log r2+
√
3
(3+
√
3) r3
]
r2+
√
3 ;
(3.23)
4) a = 0 , b 6= 0 , z = 1/2 ,


B(r) = 2k + c1r + rc2 ,
R = − 5kr2 − 9c2r ,
4a)F (R) = bR5/4 , if c2 = 0 ,
4b)F (R) = bR3/2 , if k = 0 ;
(3.24)
5) a = 0 , b 6= 0 , z = 2 ,


B(r) = −k2 + c1r2 ,
R = 9kr2 ,
F (R) = bR3/2 ;
(3.25)
6) a = 0 , b 6= 0 , z = 1 ,


B(r) = c1r
−3+√3
−3+√3 +
2k log(r)
−3+√3 + c2 ,
R =
12k log r+2(9−√3)k−6(3−
√
3)c2
(3−√3) r2 ,
F (R) = b
[
R
r − 4kr3 + (54−30
√
3)c2−12k log r2−
√
3
(3−√3) r3
]
r2−
√
3 .
(3.26)
The function F (R) for the two examples with z = 1 has not been explicitly written in terms of the
Ricci scalar, because it is a quite complicated expression which we do not will use in what follows,
while in the fourth example we have also set c2 = 0 (or k = 0), in order to explicitly build up
the action. We observe that the first part of the fourth example and the fifth one are particular
cases of the Clifton-Barrow metric that we will analyze in the next Subsection (in the specific,
they correspond to the cases δ = 1/2 and δ = 1/4, respectively). A last remark is in order. In the
previous Subsection we have observed that a given metric can be the solution of different actions.
In the same way, a given action can give rise to different SSS-metrics. For example, F (R) = bR3/2
has the Schwarzschild solution, but also the solutions in the fourth and fifth examples above.
3.1.3 Topological Clifton-Barrow solutions
Here we present the topological generalization of the Clifton-Barrow solution [69], which is a
SSS metric of the form considered in the previous Subsection, with


α(r) = log
[(
r
r0
)δ(1+2δ)/(1−δ) (
(1−2δ+4δ2)(1−2δ−2δ2)
(1−δ)2
)1/2]
,
B(r) = (1−δ)
2
(1−2δ+4δ2)(1−2δ−2δ2)
(
k − c0
r(1−2δ+4δ2)/(1−δ)
)
.
(3.27)
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Here, δ 6= 1 is an arbitrary parameter of the model.
The Ricci scalar reads
R =
6δ(1 + δ)
(2δ2 + 2δ − 1)
(
1
r2
)
, (3.28)
and on the solution we obtain
F (R) = (κ2)δ
[
Rδ+1
]
, δ 6= 1 . (3.29)
Motivated by dimensional reasons, we have introduced the Newton Constant in κ2. This is a
non trivial modification to GR, whose Hilbert-Einstein action corresponds to the particular choice
δ = 0, for which we recover the Schwarzshild metric. One can directly verify that (3.27) are
solutions of the field equations of the Clifton-Barrow Lagrangian (3.29). The Clifton-Barrow
metric is a particular case of someone considered in the previous Subsection, and, in fact, it can
be obtained using the method described above, as it is shown in Ref. [79].
3.2 F(R,G)-static spherically symmetric topological vacuum
solutions
By using the reconstruction methods adopted for F (R)-gravity, we can try to find solutions in
the more general framework of F(R,G)-theories [81]. We start from the EOMs (2.57)–(2.58). Since
now in the second equation B(r) explicitly appears, the reconstruction of the solutions results to
be more complicated and requires some additional assumption. In what follows, we will give some
examples.
Case α(r) = Const
Let us start by the important case of α(r) = Const (or, equivalently, α(r) = 0) into the
metric (2.51). From the derivative with respect to r of the first EOM (2.57) and from the second
EOM (2.58) we get
[
2(B(r) − k)
r3
− 1
2
d2B(r)
dr2
]
F ′R(r) +
(
2B(r)
r2
− 1
r
dB(r)
dr
)
dF ′R(r)
dr
+
dF ′G
dr
[
4
r2
(
dB(r)
dr
)2
+
4B(r)
r2
d2B(r)
dr2
− 4(3B(r) − k)
r3
dB(r)
dr
]
= 0 , (3.30)
d2
dr2
F ′R −
4
r2
(B(r) − k) d
2
dr2
F ′G = 0 . (3.31)
Here, we have used Eqs. (2.52)–(2.53) also. A simple choice is to investigate the models with
d2FR/dr2 = 0 and d2F ′G/dr2 = 0 which easily satisfy Eq. (3.31), namely
F ′R = ar + b , F ′G = cr , (3.32)
where a, b and c are integration constants and we avoid the linear contribution of Gauss-Bonnet
invariant. Unfortunately, equation (3.30) cannot be solved for general values of the parameters.
Otherwise, it may be used to find some specific metric. For example, if a = 0 and b = 1, by
replacing c→ c0/4, a possible solution is given by
B(r) = −k + r
c0
, R =
4k − 6r/c0
r2
, G =
4
(c0r)2
. (3.33)
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This topological SSS vacuum solution is generated by the Lagrangian
F(R,G) = R+
√
G , (3.34)
and satisfies the field equations.
Case G(r) = Const
The other class of solutions we will consider leads to a constant value G0 for the Gauss-Bonnet
invariant. We start by considering α(r) = 0 again. By putting G = G0 in Eq. (2.53), one derives
the form of B(r),
B(r) = k ±
√
G0r4 + c1 + c2 r
2
√
6
. (3.35)
Now, we have two very simple cases. The first one corresponds to F ′R = 0, it means that the
model F(R,G) = F (G) depends on G only and we deal with a pure Gauss-Bonnet theory. Thus,
Eq. (2.58) trivially is satisfied and Eq. (2.57) reads
F (G0)−G0F ′G(G0) = 0 . (3.36)
Of course, there are infinite functions which reduce (on shell) to this expression for G = G0. For
example, one finds that the model
F (G) = γeG/G0 , (3.37)
where γ is a dimensional constant, exibits the topological SSS solution with α(r) = 0 and B(r)
given by Eq. (3.35), but also the class of models
F (G) = γGn + Λ , (3.38)
where Λ = γ(n− 1)Gn0 , γ dimensional constant and n generic parameter, exhibits the same kind
of solution.
A second possibility is to take constant the Ricci scalar also, so that Eq. (3.35) reduces to the
de Sitter solution (2.61) already discussed in § 2.4.
To conclude, we finally observe that, in analogy with the case of Schawarschild solution for
F (R)-gravity, all the F (G)-models in the form of F (G) = Gg(G) with g(G) a generic function of
G such that limG→0 g(G) = 0, trivially satisfy the EOMs when G = 0. For example, by equaling
G0 to zero in Eq. (3.35), we can say that the model F (G) = γG
n, where γ and n are generic
parameters with n ≥ 2, exhibits the topological SSS vacuum solution with
α(r) = 0 , B(r) = k ± c1
√
1 + c2r , G = 0 . (3.39)
We also can verify that the Gauss-Bonnet is null provided by
α(r) 6= 0 , B(r) = k , k 6= 0 , G = 0 . (3.40)
Here, α(r) assumes an arbitrary form. However, we see that the only acceptable topology is the
one of the sphere, namely k = 1, otherwise the metric signature changes and the solution results
to be patologic.
In Refs. [80, 81] electro-vacuum solutions of F (R) and F(R,G)-gravity in the presence of
Maxwell field are also considered and some explicit metrics are therefore derived.
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3.3 Black holes in modified gravity
The SSS metric may actually describe a black hole. We recall that an event horizon exists as
soon as there exists a positive solution rH of
B(rH) = 0 ,
dB(r)
dr
∣∣∣
rH
 0 . (3.41)
The second restriction guarantees that the (Killing) surface gravity at the horizon is positive and
the metric segnature is preserved out of the horizon. Furthermore, we also require dB(rH)/dr 6= 0
in order to avoid extremal BHs. For example, in the well known case of constant curvature,
namely (3.10) with k = 0 or k = −1, the conditions (3.41) are satisfied if c1 is positive and the
cosmological constant Λ is negative (AdS solution); on the contrary, if k = 1, one has a black hole
solution whatever the sign of Λ if c1 > 0 again
3.
For the solution (3.11) we obtain
rH =
√
−k ±√1− 16c1c2
4c2
, k 6= 0 , (3.42)
and one has several possibilities. In particular, in order to satisfy the both conditions (3.41), we
observe that if k = 1 we get c1 < 0 whatever the choice of c2, and if k = −1 we get c2 > 0 and
c1 < 0 again.
For the topological Clifton-Barrow solution (3.27), one explicitly finds
rH = (c0/k)
(1−δ)/(1−2δ+4δ2) , (3.43)
which is positive if c0/k > 0. In order to have a black hole, one has also to impose (1 − 2δ +
4δ)/(1− δ) > 0.
Then for the metric in Eq. (3.33), it turns out that only in the topological case with k = 1
(sphere) we can describe a black hole as soon as rH = c0, c0 > 0.
Since the solutions found in the previous Sections can describe the BHs only for some values of
the parameters, in the following it is always understood that all free parameters will be restricted
to values which give rise to physical BH solutions.
3.4 The First Law of BH-thermodynamics
In order to study the issue associated with the energy of black hole solutions in modified gravity,
let us remind the case of GR, in which several notions of quasi-local energies may be introduced.
In particular we mention the so called Misner-Sharp mass, which has the important property to be
defined for dynamical, spherically symmetric space-time [82], where the use of invariant quantities
play a crucial role [83]-[86]. For the sake of completeness, we recall that in four dimensions, any
spherically symmetric (dynamical) metric can locally be expressed in the form
ds2 = γij(x
i)dxidxj +R2(xi)dΩ22 , i, j ∈ {0, 1} , (3.44)
where dΩ22 here is the usual metric on the two sphere S2, but it could be the metric of a generic
two-dimensional maximally symmetric space. Of course, in such cases the black hole will have
different topologies as the ones we have considered in the previous Sections. The two-dimensional
metric
dγ2 = γij(x
i)dxidxj , (3.45)
3Note that in this case B(r) = 0 has two roots, namely r±, the first one corresponding to the event horizon of
the BH (dB(r+)/dr > 0) and the second one corresponding to the horizon of the cosmological dS/AdS background
where the black hole is immersed (dB(r−)/dr < 0).
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is referred to as the normal one. The related coordinates are {xi}, while R(xi) is the areal radius,
considered as a scalar field in the two dimensional normal space. A relevant scalar quantity in the
reduced normal space is
χ(xi) = γij(xi)∂iR(xi)∂jR(xi) , (3.46)
since the dynamical trapping horizon, if it exists, is located in correspondence of
χ(xi)
∣∣∣
H
= 0 , ∂iχ(x
i)|H  0 . (3.47)
Here and in the following, we use the suffix ‘H ’ for all quantities evaluated on the horizon and
where is not necessary also the argument of such quantities will be dropped. In the static case,
the above conditions are equivalent to (3.41). The quasi-local Misner-Sharp gravitational energy
is defined by [87]
EMS(x
i) :=
1
2GN
R(xi) [1− χ(xi)] , E := EMS(xi)∣∣∣
H
=
1
2GN
R(xi)|H . (3.48)
The Misner Sharp mass is an invariant quantity on the normal space and at the horizon it reduces
to the mass E of the black hole.
By means the Killing vector fields ξµ such that
∇µξν(xν) +∇νξµ(xν) = 0 , (3.49)
which are the generators of the metric isometries, we recall that in particular, in a non dynamical
space-time (static or stationary), one has the time-like Killing vector field
Kµ = (1, 0, 0, 0) , (3.50)
with the associated Killing surface gravity κK given by the relation
κKK
µ(xν) = Kν∇νKµ(xν) . (3.51)
In addition, the Misner Sharp mass corresponds to the charge of the conserved current Jµ =
GµνK
ν , where Gµν is the Einstein tensor of GR.
In the spherical symmetric, dynamical case, the real geometric object which generalizes the
Killing vector field is the Kodama vector field K(xi) [88]. Given the metric (3.44), it is defined by
Ki(xi) := 1√−γ ε
ij∂jR(xi) , i = 0, 1 ; Ki := 0 , i 6= 0, 1 . (3.52)
Here, εij is the completely antisymmetric Levi-Civita tensor on the normal space and γ the
determinant of γij metric tensor. The Kodama/Hayward surface gravity associated with dynamical
horizon is given by the normal-space scalar
κH :=
1
2
γR(xi)
∣∣∣
H
, (3.53)
where γ is the Laplacian corresponding to the γij metric.
Assuming Einstein equations of GR, in a generic four-dimensional spherically symmetric space-
time, a geometric dynamical identity holds true. This can be derived as follows. Let us introduce
the normal space invariant
T(2)(xi) = γijT
(matter)
ij (x
i) , (3.54)
which is the reduced trace of the matter stress energy tensor. Then, making use of Einstein
equations and Hayward surface gravity (3.53), it is possible to show that, on the dynamical
trapping horizon [82],
κH =
1
2RHGN + 2πRH
T
(2)
H
GN
. (3.55)
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Introducing the horizon area AH and the (formal) three-volume VH enclosed by the horizon, with
their respective ‘thermodynamical’ differentials dAH = 8πRHdRH and dVH = 4πR2HdRH (we
are assuming a horizon with the topology of a sphere), we get
κH
8πGN
dAH = d
( RH
2GN
)
+
T
(2)
H
2GN
dVH . (3.56)
This equation can be recast in the form of a geometrical identity, once the Misner-Sharp energy
at the horizon (3.48) has been introduced. It reads
∆E =
κH
2π
d
( AH
4GN
)
− T
(2)
H
2GN
dVH . (3.57)
We will return below on this equation and we will study its thermodynamical implications.
Let us restrict the discussion to the static case where the metric in Eq. (3.44) can be written
in the simpler form of SSS metric of Eq. (2.51). Of course the general formalism is also valid in
the static case, and leads to the horizon conditions (3.41).
It is well known [68] that all black holes have a characteristic temperature related to the exis-
tence of an event horizon and, with the associated entropy, they have thermodynamical properties.
For the static black hole, the so called Killing/Hawking temperature TK is proportional to the
Killing surface gravity
κK :=
eα(r)
2
dB(r)
dr
∣∣∣
rH
, (3.58)
and assumes the explicit form
TK :=
κK
2π
=
eα(r)
4π
dB(r)
dr
∣∣∣
rH
. (3.59)
This result can be justified in several ways, for example making use of standard derivations of
Hawking radiation [89], or by eliminating the conical singularity in the corresponding Euclidean
metric, or making use of the tunneling method, recently introduced in Refs. [90, 92], and discussed
in details in several papers. All derivations of Hawking radiation (see Appendix A for a brief
review) lead to a semi-classical expression for the black hole radiation rate Γ,
Γ ≡ e−
∆EK
TK , (3.60)
in terms of the change ∆EK of the Killing energy EK [91, 92]. This fact may be interpreted as
the First Law of black hole thermodynamics as soon as
Γ ≡ e−∆S , ∆EK = TK∆S . (3.61)
Here, ∆S is the change of the entropy S of the irradiating black hole itself and from Hawking
radiation it is possible to confirm the so called Area Law,
S =
AH
4GN
, (3.62)
where, as stated before, AH is the area of event horizon, namely AH = 4πr2H for the case of the
sphere. For example, in vacuum the black hole is described by Schwarzshild metric and the energy
corresponds to the integration constant of the solution, so that Eq. (3.62) can be easily verified
from (3.61).
29
In analogy with the First Law for static BHs, we can also try to write a Gibbs relation for the
dynamical case, where the Killing surface gravity is replaced by Kodama/Hayward surface gravity.
As a consequence, we get the Kodama/Hayward temperature TH ,
TH :=
κH
2π
, (3.63)
and Eq. (3.57) leads to
TH∆S = ∆E + pdVH , (3.64)
where we have introduced the BH entropy and the reduced trace of matter stress energy tensor
gives the working term p = T
(2)
H /2GN .
Now it is interesting to note that in the static case the Kodama vector simply reads
Kµ =
(
e−α(r),~0
)
, (3.65)
and in general does not coincide with the Killing vector in Eq. (3.50). As a consequence, also
the Kodama surface gravity and thus the Hayward temperaure in principle are different from the
corresponding Killing quantities,
TH :=
κH
2π
=
1
4π
dB(r)
dr
∣∣∣
rH
. (3.66)
This result is related with the fact that the Killing vector cannot be defined unambiguously when
the space-time is not asymptotically flat.
In GR this is not a big problem. The expression of the black hole radiation rate (3.60) can be
rewritten as
Γ ≡ e−
∆EH
TH , (3.67)
in terms of the change of the Kodama energy EH for the emitted particle, due to the relationship
∆EH = e
−α(r)∆EK . As a consequence, from the Eqs. (3.60) and (3.67) one arrives at the identity
∆EH
TH
=
∆EK
TK
, (3.68)
so that the tunneling probability is invariant scalar whatever the choice for the temperature or
energy. Moreover, in the vacuum case, since α(r) = 0, the two temperature coincide, and the
identification of the Killing energy of Schwarshild BH with the integration constant of the solution
is a robust result.
A detailed discussion about this issue in GR can be found in Ref. [85, 86], in which also the
dynamical case is analyzed.
Now we come to the key point of our proposal. For a generic modified gravity theory, it seams
very difficult to define in a reasonable way the analogue of the local Misner-Sharp mass, since a
conserved current cannot be found from fourth order differential field equations. As we will see,
an exception is the higher-dimensional Lovelock gravity. For this reason, an attempt is made for
obtaining an expression of energy associated with black holes solutions in modified theories of
gravity. The proposal [93] consists in the identification of the black hole energy with a quantity
proportional to the constant of integration, which appears in the explicit solutions, and positive
defined. The identification is achieved making use of derivation (where it is possible) of the First
Law of black hole thermodynamics from the equations of motion, evaluating in an independent
way the related black hole entropy via Wald method and the Killing/Hawking temperature via the
quantum mechanics in curved space-time, as in the case of General Relativity. Within modified
gravity it happens to deal with (non asymptotically flat) vacuum black hole solutions where
α(r) 6= 0 and TK 6= TH , so that in the present proposal the Killing energy seems to be preferable
with respect to the Hayward energy.
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At first, we will revisit the Lovelock theories, and then we will analyze the F (R)-gravity, where
the derivation of the First Law from the equations of motion and an explicit expression for the
Killing energy will be given. After that, an attempt to generalize the formalism to other classes
of modified gravity models is done.
This approach is also supported by the results obtained in Refs. [94, 95], where, on quite general
grounds, generalizing the Jacoboson results on GR [96], the equations of a modified gravitational
theories are shown to be equivalent to the First Law of black hole thermodynamics. As it is well
known, this issue may be of high relevance in substantiating the idea that gravitation might be a
manifestation of thermodynamics of quantum vacuum [97]-[99].
3.5 Lovelock black hole solutions
In this Section, as warm up, we review Lovelock theory [100] with the related static and spher-
ically symmetric black hole solutions. This theory is a very interesting higher dimensional gen-
eralization of Einstein gravity introduced by Lovelock in 1971. It is the most general theory of
gravity which conserves second order equations of motion in arbitrary dimensions. In general, by
making use of higher order geometrical invariants in the action, in the metric formalism for the
field equations one obtains fourth order partial differential equations. However, as Lovelock had
shown, one can derive second order differential equations by making use of higher dimensional
extended Euler densities, the so called m-th order Lovelock terms Lm defined by
Lm = 1
2m
δλ1σ1···λmσmρ1κ1···ρmκm Rλ1σ1
ρ1κ1 · · ·Rλmσmρmκm , m = 1, 2, 3, ... . (3.69)
Here, Rλσ
ρκ is the Riemann tensor in arbitrary D-dimensions and δλ1σ1···λmσmρ1κ1···ρmκm is the generalized
totally antisymmetric Kronecker delta defined by
δ
µ1µ2···µp
ν1ν2···νp = det


δµ1ν1 δ
µ1
ν2 · · · δµ1νp
δµ2ν1 δ
µ2
ν2 · · · δµ2νp
...
...
. . .
...
δ
µp
ν1 δ
µp
ν2 · · · δµpνp

 .
The action for Lovelock gravitational theory reads
I =
∫
M
dDx
√−g
[
−2Λ +
s∑
m=1
(am
m
Lm
)]
, (3.70)
where we defined the maximum order s ≡ [(D − 1)/2] and am are arbitrary constants. Here, [z]
represents the maximum integer satisfying [z] ≤ z. Hereafter, we set a1 = 1. The cosmological
constant in D-dimension corresponds to Λ = (D − 1)(D − 2)/(2L2), L being a lenght size.
For such a kind of theory, the equations of motion in vacuum are second order quasi-linear
partial differential equations in the metric tensor and read
Gµν = 0 , (3.71)
where the Lovelock tensor Gµν is given by
Gµν = Λδνµ −
s∑
m=1
1
2m+1
am
m
δνλ1σ1···λmσmµρ1κ1···ρmκmRλ1σ1
ρ1κ1 · · ·Rλmσmρmκm . (3.72)
As we said in previous Sections, we shall focus our attention on topological static, spherically
symmetric metric. The vacuum solutions of Lovelock theory assume the (Schwarzshild-dS/AdS
like) form
ds2 = −B(r)dt2 + dr
2
B(r)
+ r2dΩ2(k,n), (3.73)
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where dΩ2(k,n) is the metric of a topological n-surface (one has n = D − 2), namely a sphere Sn
(for k = 1), a thorus Tn (for k = 0) or a compact hyperbolic manifold Yn (for k = −1). Such
kind of theories become quite interesting for D > 4, the four-dimensional case being equivalent to
Schwarzschild-de Sitter, since L1 = R and L2 is equal to the Gauss Bonnet quadratic term, which
in four-dimensions is a topological invariant.
In the following, we generalize the rusults of Ref. [101] to the topological case [102, 103, 104].
A direct evaluation of field equations gives
Gtt = Grr = −
n
2rn
d
[
rn+1W (r)
]
dr
, (3.74)
Gji = −
1
2rn−1
d2
[
rn+1W (r)
]
d2r
, (3.75)
where W (r) is
W (r) =
s∑
m=2
αm
m
[k − B(r)]mr−2m + [k −B(r)]r−2 − 2Λ
n(n+ 1)
, (3.76)
with αm = am
∏2m−2
p=1 (n− p).
For example, for D = 4, one has the topological Schwarzschild-de Sitter solution, while for
D = 5, there is one Lovelock non trivial term (the Gauss-Bonnet, which in five-dimensions is not
a topological invariant) and one has the Boulware-Deser solution [105]. For higher dimensions we
get an algebraic equation of increasing complexity, but, as we shall see in the following, for our
purposes it will be not necessary to know explicitly the expression for the solution B(r).
For the static metric in Eq. (3.73) one can define the Killing vector Kµ = (1,~0) and since
∇νGνµ = 0 , Gµν = Gνµ , (3.77)
the vector Jµ = GµνKν is covariantly conserved and gives rise to a Killing conserved charge. This
corresponds to the quasi-local generalized Misner-Sharp mass which reads
EMS(r) ≡ − 1
κ˜2
∫
Σ
JµdΣµ =
nV (Ω(k,n))
2κ˜2
∫ r
0
dρ
d(ρn+1W )
dρ
=
nV (Ω(k,n))
2κ˜2
rn+1W (r) . (3.78)
Here, κ˜2 is the generalized version of κ2 in D-dimension, namely κ˜2 = 8π (GN )
n/2
. Furthermore,
Σ is a spatial volume at fixed time, dΣµ = (dΣ,~0), and V (Ω(k,n)) is the (n+1)-volume depending
on the topology. For example, assuming the horizon of the sphere (k = 1), one has V (Ω1,n) =
2π(n+1)/2/Γ((n+ 1)/2), with Γ(z) the Euler-Gamma function.
For Lovelock solutions in the absence of matter, Eq. (3.74) can be integrated as
rn+1W (r) = c0 , (3.79)
c0 being a constant of integration which we will show to be related to the mass of the black hole.
In particular, on shell, that is at the horizon r = rH such that B(rH) = 0, Eqs. (3.78)–(3.79) lead
to the (Killing) energy of the black hole EMS(rH) ≡ EK ,
EK =
nV (Ω(k,n))
2κ2
c0 . (3.80)
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Now, let us show that a First Law of black hole thermodynamics holds true, with the energy
of the black hole solution, namely the Killing charge here obtained, proportional to constant
of integration c0. In the case of Lovelock gravity the validity of the First Law of black hole
thermodynamics has been investigated in many places [106, 98, 108, 109, 110]. For the static case
we present a direct and simple proof.
First of all we introduce the horizon defined by the existence of the largest positive root rH of
B(r) which satisfies conditions (3.41). Then, from Eq. (3.76) and Eq. (3.79), we have the identity
c0 = r
n+1
H W (rH) =
s∑
m=2
km αm
m
rn+1−2mH + k r
n−1
H −
2Λrn+1H
n(n+ 1)
. (3.81)
On the other hand, taking the derivative with respect to r of Eq. (3.79) and putting r = rH , we
obtain
s∑
m=2
kmαm(n+ 1− 2m)
m
rn−2mH + (n− 1)k rn−2H −
2ΛrnH
n
=
dB(r)
dr
∣∣∣
rH
(
s∑
m=2
km−1αmrn+1−2mH + r
n−1
H
)
. (3.82)
Now, let us compute the ‘thermodynamical’ change of c0 with respect to a small change of rH .
From Eq. (3.81) one has
dc0 =
(
s∑
m=2
k αm(n+ 1− 2m)
m
rn−2mH + (n− 1)k rn−2H −
2ΛrnH
n
)
drH . (3.83)
Making use of Eq. (3.82) this expression may be rewritten in the form
dc0 =
dB(r)
dr
∣∣∣
rH
(
s∑
m=2
km−1αmrn+1−2mH + r
n−1
H
)
drH . (3.84)
Let us interpret the right side of the last identity. Here we are dealing with a static, spherically
symmetric metric admitting a Killing vector. If there is an event horizon located at rH , then the
Killing-Hawking temperature of the related black hole is given by Eq. (3.59). Now, all thermo-
dynamical quantities associated with these black holes solutions can be computed by standard
methods. In particular, the entropy SW can be calculated by the Wald method [62, 67, 111] or
other methods, and one has [107, 108, 109, 113]:
SW =
2πV (Ω(k,n))
κ˜2
rnH
(
1 + n
s∑
m=2
km−1αm
n+ 2− 2mr
2−2m
H
)
. (3.85)
As a result, from Eqs. (3.59), (3.80), (3.84) and (3.85), one derives the First Law of black hole
thermodynamics for Lovelock gravity, that is
TK ∆SW = ∆EK . (3.86)
We have shown that for a generic Lovelock gravity in vacuum, the First Law of black hole ther-
modynamics holds and one can identify the energy of a topological static, spherically symmetric
black hole with the constant of integration and Killing conserved charge.
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3.6 F (R)-four dimensional modified gravity
Now we come back to black hole solutions in four dimensional F (R)-gravity. The entropy
associated to these black holes can be calculated by the Wald method. Following Refs. [62, 67, 111],
the explicit calculation of the BH entropy is provided by the formula
SW = −2π
∫
Σ
(
δL
δRµναβ
)∣∣∣
H
eµνeαβdΣ , (3.87)
where L = L(Rµναβ , Rµν , R, gµν ...) is the Lagrangian density of any general theory of gravity and
eαβ = −eβα is the binormal vector to the (bifurcate) horizon. It is normalized so that eαβeαβ = −2.
For the SSS metric (2.51), the binormal turns out to be
eαβ = e
α(r)(δ0α δ
1
β − δ1α δ0β) , (3.88)
δαβ being the Kronecker delta. The induced area form, on the bifurcate surface {r = rH , t = const},
is represented by dΣ. Finally, the subscript ‘H ’ indicates, as usually, that the partial derivative
is evaluated on the horizon, and the variation of the Lagrangian density with respect to Rµναβ is
performed as if Rµναβ and the metric gαβ are independent. Since
δR
δRµναβ
=
1
2
(
gαµgνβ − gναgµβ) , (3.89)
for F (R)-theories where L = F (R)/(2κ2), one obtains
SW =
AH F ′(RH)
4GN
. (3.90)
Here, AH = Vkr2H and Vk is the volume of the “horizon” manifold, namely V1 = 4π (the sphere),
V0 = |ℑ τ |, with τ the Teichmüller parameter for the torus, and finally V−1 = 4πg, g > 2, for the
compact hyperbolic manifold with genus g (see, for example Ref. [112]). If F (R) = R, we recover
the Area Law of GR.
Taking the equation of motion (3.1) evaluated on the event horizon (B(rH) = 0) and recalling
the expression (3.90) for the Wald entropy, we easily get
eα(rH)B′(rH)
∂SW
∂rH
= eα(rH)Vk
(
k F ′(RH)
2GN
− RHF
′(RH)− F (RH)
4GN
r2H
)
. (3.91)
The Killing temperature appears in a natural way in this equation. Furthermore, if the entropy
depends only on rH , and not on the (free) integration constants of the solution, its partial derivative
can be read as a thermodynamical variation and Eq. (3.91) can be used to derive the First Law
of black holes thermodynamics and employed to define a specific BH energy [93]. Thus, we may
write
∆EK := TK∆SW =
Vke
α(rH)
4π
(
k F ′(RH)
2GN
− RHF
′(RH)− F (RH)
4GN
r2H
)
drH . (3.92)
Of course, this expression is reasonable as soon as only one parameter, which may be identified
with the mass of the black hole, arises from the solution: otherwise, one should expect that some
thermodynamical potentials appear and the expression for the energy can not be computed by
means of the above expression. If the differential of the Killing energy is interpreted as variation
due to an infinitesimal change of the size of the black hole, namely if the right side of this equation
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depends only on rH , one may try to get an explicit expression for the Killing energy,
EK :=
Vk
4π
∫
eα(rH)
(
k F ′(RH)
2GN
− RHF
′(RH)− F (RH)
4GN
r2H
)
drH . (3.93)
In fact, the derivation of the First Law of thermodynamics from the EOMs and the expression for
the Killing energy in the latter equation are valid iff the curvature R is an explicit function of rH
only, as it happens in the models of F (R)-gravity we have derived in §3.1, where one integration
constant occurs in the solutions. An exception in this sense is represented by the R2-model that we
will treat apart. Furthermore, we have extended the validity of the Killing/Hawking temperature,
whose expression is derived in General Relativity by using quantum mechanics and is given by the
metric, to topological F (R)-gravity. Such result seems in favor of the Killing temperature with
respect to the Kodama/Hayward one, at least for the vacuum case.
In what follows, by making use of exact solutions, we will provide a support for our identifica-
tion. We will see that Eq. (3.93) allows to identify the energy of the black hole with the suitable
(mass) constant which appears in the explicit solution and is positive defined.
This proposal should be compared with a similar one contained in Ref. [114]. In Ref. [66] an
attempt to define a local Misner-Sharp mass has been presented. There, however, the proposed
formula is not really satisfactory, because the quasi-local form is only present in some particular
cases.
3.6.1 BH energy in F (R) gravity: Examples
Here we explicitly compute the energy for some models we have derived in §3.1. To start with,
let us consider the dS/AdS-Schwarzshild solution (3.10) for the model F (R) = R− 2Λ. Here, the
only free (positive) parameter is c1, and from (3.90), (3.59), and (3.93), we get
SW =
AH
4πGN
, TK =
k − Λr2H
4πrH
, EK =
Vk
8πGN
rH
(
k − Λ
3
r2H
)
=
Vk
8πGN
c1 . (3.94)
We have used the fact that BH = 0. The energy is positive defined and we recover the result of
Lovelock gravity in four dimension.
As a second example let us consider the non trivial model in (3.11)–(3.12). The energy can be
computed by the method described above: entropy, temperature and energy, respectively, follow
from (3.90), (3.59) and (3.93) and we obtain
SW =
AH
4GN
a k rH , TK =
1
4π
(
k
rH
+ 4c2rH
)
, EK = −3 a k Vk
16πGN
c1 . (3.95)
We see that the entropy is positive only if the parameters a and k have the same sign. In addition,
in §3.3, we have seen that c1 must be negative in order to have a BH solution with positive
temperature. As a consequence, the energy is positive defined.
The third example is given by the model in (3.15) with solution (3.14). In this case we obtain
from (3.92),
∆EK =
3a kVk
8πGN
d
drH
[
krH
2
+
b
3a
+ c2r
3
H
]
drH . (3.96)
By using the BH condition B(rH) = 0, it is easy to verify that this equation leads to ∆EK = 0. It
means that the Killing energy (and therefore the entropy) is a constant. This fact is not surprising,
since the solution appears without integration constants, so that the First Law trivially is satisfied.
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As a further example we consider the topological Clifton-Barrow solution (3.27) of model (3.29).
Since α(r) 6= 0, the Killing temperature differs from the Hayward temperature and one easily finds
SW =
AH
4G1−δN
(1 + δ)
[
6δ(1 + δ)
(2δ2 + 2δ − 1)r2H
]δ
, TK =
(1− δ)c0
(1− 2δ − 2δ2)r
(3δ−4δ2−2)
(1−δ) ,
EK =
Ψδ
r
δ(1+2δ)/(1−δ)
0
(c0
k
)
, (3.97)
where we have introduced the dimensionless constant
Ψδ =
(
2δ−13δδδ(δ − 1)2(δ + 1)δ+1√
1− 2δ − 2δ2√1− 2δ + 4δ2
1
(2δ2 + 2δ − 1)δ
)
. (3.98)
In order to have the BH horizon and a positive Killing temperature, the range of the parameter
δ in the latter equations has to be restricted to the values already discussed in §3.3. Some
additional restrictions are also necessary to get a positive entropy. In the specific, we must require
δ > (
√
3 − 1)/2 or −1 < δ < 0. On the other hand, only the solutions of −1 < δ < 0 give a
real value for the temperature. By taking into account such restrictions, the energy in (3.97) is
well defined and positive. As expected, in the limit δ → 0 it reduces to the Misner-Sharp mass of
General Relativity.
The mechanism works for the entire class of Liefshitz solutions presented in § 3.1.2, where
only one integration constant which may be identified with the energy is present (see Ref. [93] for
a specific example).
Let us pause to summarize these noticeable results. Making use of definition (3.92), we are able
to give a reasonable expression for BH mass in topological F (R)-gravity: this expression results
to be proportional to the integration constant of SSS solutions and positive defined for all the
physical cases.
3.6.2 The dS/AdS-Schwarzshild solution in the R2-model
Let us consider the model
I =
1
32π
∫
M
d4x
√−g R2 . (3.99)
It is easy to directly verify that such Lagrangian admits the topological Schwarzschild dS/AdS
solution
B(r) = k − c1
r
− λr
2
3
, R = 4λ . (3.100)
The interesting point is that in this case λ is not a fixed parameter and the solution depends on
two integration constants. Moreover, the entropy reads
SK =
AH
4
(2RH) = 2AHλ , (3.101)
and in principle we cannot derive the First Law of thermodynamics from the EOMs, since the
variation of the entropy with respect to rH only is not a thermodynamical differential.
However, we observe that the R2-model does not contain dimensional parameters in the action.
Thus, one could think that there exists a trivial entropy and a vanishing energy, but, as we have
shown above, the solution gives rise to the length scale L related to the integration constant
λ = 1/L2 and, if λ 6= 0, is possible to get a non trivial entropy. In this sense, we can consider
λ > 0 as a fundamental fixed lenght scale of the model, and the real mass-constant of the solution
is c1. In such a case, by fixing λ, the First Law can be derived from the EOMs and (3.92) reads
TK =
k − λr2H
4πrH
, EK =
VK
π
λ
[
krH − λr
3
H
3
]
=
Vk
π
λc1 . (3.102)
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Here, for completeness, we have also reported the Killing temperature. Note that, if λ > 0, the
BH exists for k = 1, c1 > 0 only. In any case, the energy is positive defined.
3.7 F(R,G)-gravity
In this and in the following Sections we will try to generalize our results to other classes of
modified gravity theories in four dimensional space-time.
Let us analyze the general class of F(R,G)-gravity, whose F (R)-gravity is a paricular case.
Since for the models under consideration L = F(R,G)/(2κ2), the Wald entropy (3.87) becomes
SW = −8πAH e2α(rH)
(
δL
δR0101
) ∣∣∣
H
= −8πAHe
2α(r)
2κ2
(
F ′R
δR
δR0101
+ F ′G
δG
δR0101
) ∣∣∣
H
. (3.103)
Here, we have taken into account the form of binormal vector (3.88). Thus, since
δR
δRµναβ
=
1
2
(
gαµgνβ − gναgµβ) ,
δG
δRµνξσ
=
[
2Rµνξσ − 2(gµξRνσ + gνσRµξ − gµσRνξ − gνξRµσ) + (gµξgνσ − gµσgνξ)R] , (3.104)
by using the horizon condition B(rH) = 0, we finally obtain
SW =
AH
4GN
[
F ′R + F ′G
(
4k
r2
)] ∣∣∣
H
. (3.105)
As for F (R)-gravity, by recasting this expression in the first EOM (2.57), and by making use of
the Killing temperature, we arrive at the following identity valid on the BH horizon,
TK
∂SW
∂rH
=
eα(rH)
(
kF ′R(RH , GH)
2GN
− RHF
′
R(RH , GH) +GHF ′G(RH , GH)− F (RH , GH)
4GN
r2H
)
Vk
4π
. (3.106)
Again, one may try to identify the last term with the thermodynamical variation of the Killing
energy, but in Gauss-Bonnet modified gravity, unlike to the case of pure F (R)-gravity, the entropy
depends on the integration constant of the solution, and in general is not possible to derive the
First Law from the EOMs, as it is clear by considering the model (3.34). However, we can verify
the First Law by hand, namely, we can check if the product between the Killing temperature and
the variation of the Wald entropy leads to an exact thermodynamical differential of a quantity
proportional to the mass constant of the solution, which can be identified with the energy of the
black hole.
The non trivial model F(R,G) = R + √G of Eq. (3.34) with the SSS solution α(r) = 0,
B(r) = −1 + r/c0, which corresponds to the topological case k = 1, satisfies the conditions (3.41)
and may describe a BH. The event horizon is given by rH = c0 and the entropy, which explicitly
depends on c0 and rH , reads
SW =
AH
4GN
[
1 +
c0
rH
]
. (3.107)
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In such a case,
TK =
1
4πc0
, ∆SW =
π
GN
(2rHdrH + c0drH + rHdc0) =
4π
GN
c0dc0 , (3.108)
and the First Law,
TK∆SW =
dc0
GN
= ∆EK , EK =
c0
GN
, (3.109)
permits the identification of the energy with the integration constant of the solution. Note that
in (3.108) we can express the variation of the entropy in terms of c0 due to the fact that in the
solution only one parameter appears. The solution is strictly related with the existence of the
BH, which could be removed only in the limit c0 → 0. That result is crucial and shows that
the solution found is not patological, namely the fact that the mertric changes the signature for
c0 →∞ is not surpraising, since it means that we are considering a BH with infinite mass.
3.8 The Deser-Sarioglu-Tekin topological black hole solutions
In this Section, first we generalize the modified gravity black hole solution of Deser et al. [70],
and then we shall show that for these metrics the derivation of the First Law of black hole
thermodynamics from the EOMs is valid and the Killing energy is positive and proportional to
the constant of integration of the solutions.
For the sake of simplicity we shall restrict ourselves to the four-dimensional case, but, since
we are interested in black hole with generalized topological horizon, we have to include a non
vanishing ‘cosmological constant’ Λ (see for example the GR case in Refs. [112, 115, 116]). The
D-dimensional case as well as the inclusion of electromagnetism presents no difficulties.
To begin with, we write down the action of the model
I =
1
2κ2
∫
M
d4x
√−g
(
R− 2Λ +
√
3σ
√
C2
)
, (3.110)
where Λ is the cosmological constant, σ is a real dimensionless parameter and C2 = CµνξσC
µνξσ
is the square of the Weyl tensor, which is an important measure of the curvature of space-time,
C2 =
1
3
R2 − 2RµνRµν +RµνξσRµνξσ . (3.111)
For σ = 0 the Weyl contribution turns off and GR result is recovered. This model is a very
interesting additive modification of GR with cosmological constant.
A direct computation shows that the noteworthy properties of the Weyl scalar F discussed in
Ref. [70] for k = 1, are still valid for k = 0,−1. Thus, the unknown functions α(r) and B(r) can
be obtained by imposing the stationary condition δIˆ = 0, where, Iˆ is the original action evaluated
on the metric (2.51), up to integration by parts and on the ‘topological’ variables {ρ, φ}. It reads
Iˆ =
1
κ2
∫
dt
∫
dr eα(r)
[(
k −B(r) − rdB(r)
dr
)
− σ
∣∣∣k − 4B(r) − rdB(r)
dr
∣∣∣− Λr2] . (3.112)
From this equation follow the EOMs
eα(r)
[
(1− ε σ)
(
k −B(r) − rdB(r)
dr
)
+ 3εσB(r) − Λr2
]
= 0 , (3.113)
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eα(r)
[
3εσ +
dα(r)
dr
(1 − εσ)r
]
= 0 . (3.114)
The general solution of this system is given by
α(r) = log
[
r
r0
] 3εσ
εσ−1
, B(r) = k
(1− εσ)
(1 − 4εσ) − c0r
− 1−4εσ1−εσ −Λ r
2
3(1− 2εσ) , σ 6= ±1 ,±
1
4
, (3.115)
where c0 is the integration constant of the solution and r0 > 0 has to be introduced for dimensional
reasons. In the above expressions, the paramter ε = ±1 depends on the sign of the argument of
the absolute value in the action (3.112) and has been added to the original Deser’s solution. In
principle, this metric is disconnected at some points of the space-time. However, in what follows,
we will limit to specify the value of ε on the event horizon of the BH solution only.
We are assuming σ 6= ±1,±1/4 (for σ = ±1/2 we can take Λ = 0). For σ = ±1 it is possible to
show the existence of the trivially, physically unacceptable solution with eα(r) → 0. For σ = ±1/4
and Λ = 0 a simple solution can be found on the sphere S2 (k = 1). When ε = 1, it reads
α(r) = log[r0/r] and B(r) = log[r/c0].
As usual, the horizon is given by the positive root rH which satisfies conditions (3.41). In
particular, the algebraic equation can be easily solved and gives
rH =
(
k
1− εσ
1− 4εσ − Λ
r2H
3(1− 2εσ)
) εσ−1
1−4εσ
c
1−εσ
1−4εσ
0 . (3.116)
Here, a careful analysis on the metric signarture shows that we must require c0 > 0 in order to
have rH > 0 and dB(rH)/dr > 0 whatever the choice of the topology k. Then, a direct derivation
of the entropy via Wald method has been done in Ref. [117]. Let us compute the Lagrangian
variation, where the constant Λ vanishes,
δL =
1
2κ2
[
δR +
√
3σ δ(
√
C2)
]
=
1
2κ2
[
1
2
(gµξgνσ − gµσgνξ)δRµνξσ +
√
3σ
2
(C2)−
1
2
]
δ(C2) . (3.117)
Using Eq. (3.111), we get
δL
δRµνξσ
=
1
2κ2
{
1
2
(gµξgνσ − gµσgνξ) +
√
3σ
2
(C2)−
1
2 ×
[
2Rµνξσ − (gµξRνσ + gνσRµξ − gµσRνξ − gνξRµσ) + 1
3
(gµξgνσ − gµσgνξ)R
]}
, (3.118)
and in the specific,
(
δL
δR0101
) ∣∣∣
H
=
1
4κ2
[
g00g11 +
√
3σ√
C2
(
2R0101 − g00R11 − g11R00 + 1
3
g00g11R
)] ∣∣∣
H
. (3.119)
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For the topological SSS metric we write4
√
C2|H = 1√
3
∣∣∣ 1
r2
[
r2
(
d2B(r)
dr2
)
+ 2 (B(r) − k)− 2r
(
dB(r)
dr
)]
+
1
r
[
3r
(
dB(r)
dr
)(
dα(r)
dr
)
− 2B(r)
(
dα(r)
dr
− r
(
d2α(r)
dr2
+
(
dα(r)
dr
)2))] ∣∣∣
rH
. (3.120)
Taking together the Wald formula (3.87), Eq. (3.119) and Eq. (3.120), for the solution (3.115),
we finally have that the horizon entropy for the Deser et al. black hole reads
SW =
AH
4GN
(1− εσ) , where ε :=
{ −1, σ ≤ 14
+1, σ > 1/4 , σ 6= 1 . (3.121)
Here, we have extended the result to the case σ = 1/4, for which it is easy to see it is still valid
and the entropy function is continuous even if the black hole metric changes.
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Figure 3.1: Wald’s entropy in units of AH/4GN versus σ parameter for the Deser et al. BH.
In fact, as shown by Fig. 3.1, the entropy of the black hole is positive only as far as σ ∈ (−1, 1).
For σ = −1, the entropy vanishes suggesting that, for this value of σ, the number of microscopic
configurations realizing the black hole is only one. For σ ∈ (−1, 0) ∪ (1/4, 1), the entropy of
Deser’s black hole is always smaller than its value in General Relativity.
The first EOM (3.113) can be rewritten on the event horizon (B(rH) = 0) as
TK
∂SW
∂rH
=
Vk
8πGN
eα(rH)
[
(1 − ε)k − Λr2H
]
, (3.122)
4 The trace of the n-power of the Weyl tensor with n > 0 is
tr
(
C2
)n
2 =
(
−
1
3
)n
[2 + (−2)2−n]X(r)n ,
where
X(r) =
1
r2
[
r2
d2B(r)
dr2
+ 2(B(r) − k)− 2r
dB(r)
dr
]
+
1
ra
[
3r
dB(r)
dr
dα(r)
dr
− 2B(r)
(
dα(r)
dr
− r
(
d2α(r)
dr2
+
(
dα(r)
dr
)2))]
.
In our case, n = 2.
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where we have introduced the Killing temperature (3.59) and the Wald entropy (3.121). Since the
entropy depends on rH only, we can read this expression as the First Law of thermodynamic for
Deser’s BH and therefore identify
EK :=
Vk
8πGN
∫
eα(rH)
[
(1 − ε)k − Λr2H
]
drH , (3.123)
with the Killing energy. By making use of explicit solution (3.115) and Eq. (3.116), as a conse-
quence of the First Law, we get
TK =
1
4πrH
(
k − Λ r
2
H
(1− εσ)
)(
rH
r0
) 3εσ
εσ−1
, EK =
Vk (1− ǫσ)
8πGN
(
1
r0
) 3εσ
εσ−1
c0 . (3.124)
The energy is positive defined for positive values of the Killing temperature and the entropy . We
observe that in this class of modified gravitational models the mass of black hole is particularly
simple, since the modification is described by the dimensionless parameter σ.
3.9 Topological conformal Weyl gravity black hole solutions
In this Section, first we revisit the higher gravity black hole solution of Riegert et al. [118, 119],
and its topological version [120]. To start, we write down the conformal invariant action of the
model, in the form
I = 3w
∫
M
d4x
√−g C2 , (3.125)
where w is a dimensionless parameter, usually restricted to the values w > 0, and C2 is the square
of the Weyl tensor (3.111) again. The conformal gravity model has a very interesting future domain
and its phenomenology has been investigated in Ref. [121, 122]. For topological SSS metric (2.51),
one has
C2 =
A(r)2
3r4
, (3.126)
where
A(r) = r2
d2B(r)
dr2
+
(
3r
dα(r)
dr
− 2
)
r
dB(r)
dr
+2
[
r2
d2α(r)
dr2
+ r2
(
dα(r)
dr
)2
− rdα(r)
dr
+ 1
]
B(r) − 2k . (3.127)
The total (effective) action reads now
Iˆ =
∫
dt
∫
dr eα(r)
[
wA(r)2
r2
]
. (3.128)
We are dealing with a higher-order Lagrangian system, because the Lagrangian depends on the
first and second derivatives of the unknown functions α(r) and B(r). The corresponding equations
of motion (after simplification) read
w eα(r)
{
d2A(r)
dr2
B(r) +
dA(r)
dr
(
B(r)
r
+
1
2
dB(r)
dr
)
− 1
4r2
(A(r)2 + 4k A(r))
}
= 0 , (3.129)
w eα(r)
{
d2A(r)
dr2
+
dA
dr
(
2
r
− dα(r)
dr
)}
= 0 . (3.130)
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In order to find explicit solutions, we proceed as in the previous Sections, first considering the case
α(r) = 0. With this choice, one immediately gets A(r) = 6c0 + 6c1/r and by using Eqs. (3.127)
and (3.129) we recover the topological Riegert solution
B(r) = k + 3c0 +
c1
r
+ b1 r + c2r
2 , c1 6= 0 , b1 = c0(2k + 3c0)
c1
. (3.131)
Here, we have three arbitrary integration constants, namely c0 , c1 , c2. In Ref. [80] is possible to
find the generalization of this metric to the charged case. By conveniently choosing the integration
constants of the Riegert solution, one obtains the Schwarzschild, Schwarzschild-dS/AdS or the de
Sitter metric, correspondingly.
The case c1 = 0 has to be treated separately, since the limit in (3.131) is singular, and we
obtain
B(r) = k + b1 r + c2r
2 , (3.132)
b1, c2 being arbitrary integration constants.
Moreover, if we consider the action of GR plus the Cosmological Constant and we add the
contribute of Weyl gravity,
I =
∫
M
d4x
√−g
[
1
2κ2
(R− 2Λ) + 3wC2
]
, (3.133)
the topological SSS solution turns out to be the Schwarzshild dS/AdS one, i.e. (3.131) with c0 = 0
and c2 = −Λ/3, where c2 (or Λ) is fixed by the model.
In principle, one can try to find other solutions by solving the equations for a nonzero (or non
constant) α(r), but they are really complicated and so it is convenient to proceed in a different
way, by using the fact that the Weyl action is conformally invariant. This implies that, if ds2 is a
solution of the field equations, then also ds˜2 = Ω2(xµ)ds2 is a solution, Ω(xµ) being an arbitrary
(smooth) function of the coordinates. In particular, starting from a topological SSS solution and
choosing Ω(xµ) = Ω(r) > 0 to depend on the radial coordinate only, one obtains again a static
and spherically symmetric solution, which can be set in the form (2.51), with the change of radial
variable r˜ = rΩ(r). In fact,
ds˜2 = −Ω2(r)e2α(r)B(r) dt2 + Ω
2(r) dr2
B(r)
+ r2Ω2(r)
(
dρ2
1− kρ2 + ρ
2dφ2
)
, (3.134)
and this assumes the form
ds˜2 = −e2α˜(r)B˜(r) dt2 + dr
2
B˜(r)
+ r2
(
dρ2
1− kρ2 + ρ
2dφ2
)
, (3.135)
where, for simplicity, we have re-stated the original variable r by rΩ(r)→ r, Ω(r)→ r/Ξ(r) and
B˜(r) = B(Ξ(r))
[
r
Ξ(r)
dΞ(r)
dr
]−2
, e2α˜(r) B˜(r) = e2α(Ξ(r))B(Ξ(r))
[
r
Ξ(r)
]2
. (3.136)
In this way we have obtained a class of SSS solutions for the action (3.125) specified by the
functions α˜(r) , B˜(r). Any solution in this class is related to the original one by means of an
arbitrary, positive (smooth) function Ξ(r). As one can immediately see, Ξ(r) = r corresponds to
the unitary transformation Ω(r) = 1. On the contrary, starting from Riegert’s solution (3.131)
and choosing an arbitrary Ξ(r) 6= r one obtains a class of solutions with α˜(r) 6= 0 given by means
of the equation
e2α˜(r) =
[
r
Ξ(r)
]4 [
dΞ(r)
dr
]2
,
d
dr
[
1
Ξ(r)
]
= −e
α˜(r)
r2
. (3.137)
from which we see that, for fixed α˜(r), one can in principle derive the function Ξ(r) which provides
the desired transformation.
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3.9.1 Riegert-Lifshitz solutions
This is a class of solutions similar to the ones obtained for the F (R) case in §3.1.2, but starting
from that of Riegert, performing a conformal transformation as described in the previous Section,
and imposing α˜(r) to be of the form [80]
α˜(r) = log[γ rz ] , (3.138)
where γ > 0 is a dimensional constant and z the redshift parameter of Lifshitz solution.
From (3.137), we immediately get
Ξ(r) = − 1
γ log[qr]
, z = 1 ,
Ξ(r) = − 1
q + γrz−1/(z − 1) , z 6= 1 , (3.139)
q being an integration constant.
In the first case (z = 1) for B˜(r) we easily obtain
B˜(r) =
b1
γ2
− b1
γ
log[qr] + (k + 3c0) log
2[qr]− γ c1 log3[qr] , (3.140)
while, in the second case (z 6= 1) and for simplicity choosing q = 0, for B˜(r) we get
B˜(r) = c˜0 + c˜1
rz
r
+ b˜1
r
rz
+ c˜2
r2
r2z
,


c˜1 =
γc1
(z−1)3 ,
c˜0 =
k+3c0
(z−1)2 ,
b˜1 = − b1γ(z−1) ,
c˜2 =
c2
γ2 ,
z 6= 1 . (3.141)
3.9.2 Black holes and thermodynamics
The Riegert solution (or the solutions derived by it via conformal transformations) describes a
BH as soon as conditions (3.41) are satisfied,
k + 3c0 + b1 rH + c2r
2
H +
c1
rH
= 0 , b1 + 2c2rH − c1
r2H
> 0 , rH > 0 . (3.142)
For example, if c1 < 0 and c2 > 0, then it is easy to show that there always exists a positive root
of B(rH) = 0, independently of the values of c0 and c2.
Now we will compute the entropy for these BH solutions. An important remark is in order.
In general the Wald entropy is not invariant with respect to conformal transformations, but when
the action is conformally invariant, then also the entropy does not change. This can be easily seen
by recalling that, under a conformal transformation as in Eq. (3.134), one has
g˜µν = Ω
2(xµ)gµν , g˜
µν = Ω−2(xµ)gµν ,
√
−g˜ = Ω4(xµ)√−g ,
R˜µνξσ = Ω
2(xµ)Rµνξσ + U(g,∇Ω(xµ)) , L˜ = L(R˜µνξσ , ...) = Ω−4(xµ)L , (3.143)
where U(g,∇Ω(xµ)) is a function which does not depend on the Riemann tensor. If the action is
invariant, both tensors gµν and g˜µν related by Ω(r) are (black hole) solutions and thus, for our
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usual metric (2.51), we get
S˜W = −2π
∮
r = rH
t = const
(√
g˜00g˜11g˜
δL˜
δR˜0101
) ∣∣∣∣∣
r=r˜H
dρ dφ
= −2π
∮
r = rH
t = const
(
Ω2(r)
√
g00g11g
δL
δR0101
δR0101
δR˜0101
) ∣∣∣∣
r=rH
dρ dφ
= −2π
∮
r = rH
t = const
(√−g δL
δR0101
)∣∣∣∣
r=rH
dρ dφ = SW . (3.144)
As it is well known, also the Killing surface gravity and temperature are conformally invariant
quantity. Here, we give a simple proof of the conformal invariance of the Killing/Hawking tem-
perature. In the metric (3.134), since r˜ = Ω(r)r, the event horizon is still located at r˜H = rH . As
a consequence, due to the fact that
dB˜(r˜)
dr˜
∣∣∣
r˜H
=
1
Ω2(rH)
dB(r)
dr
∣∣∣
rH
, eα˜(r˜H) = Ω2(rH)e
α(rH) , (3.145)
we easily obtain
T˜K = e
α(rH)
dB(r)
dr
∣∣∣
rH
= TK . (3.146)
This means that all black holes described in § 3.9.1 have the same entropy and Killing temperature.
In Weyl’s conformal gravity, since L = 3wC2, making use of (3.87) and (3.111), we get
SW = −24πwAHe2α(rH)
[
2R0101 − (g00R11 + g11R00) + 1
3
g00g11R
]
rH
= −24πwAH
[
1
3
d2B(r)
dr2
+
(
dα(r)
dr
− 2
3r
)
dB(r)
dr
− 2k
3r2
]
rH
. (3.147)
In the particular case of Riegert’s solution (3.131), the Killing temperature and the latter equation
for the Wald entropy simplify to
TK =
1
4π
(
b1 + 2c2rH − c1
r2H
)
, SW = −48πwVk
(
c1
rH
+ c0
)
. (3.148)
In what follows we will consider the thermodynamics of Riegert’s solutions only, being tempera-
ture, entropy and therefore the Killing energy conformal invariant.
We have seen that the Lagrangian of Weyl’s gravity contains only a dimensionless parameter
w, while the solution B(r) depends on three arbitrary integration constants c0 , c1 , c2. In this case
the rH coordinate of the black hole horizon will depend on several integration constants. In the
general case, when asymptotically the solution is anti de Sitter, the energy of the BH may be
defined by means of the Euclidean action and the First Law of black holes thermodynamics holds
with additional thermodynamical potentials [123]. With regard to this issue, let us imagine we
are dealing with a BH solution, with rH = rH(cn) being the larger positive solution of B(rH) = 0,
and cn the constants of integration. Then, one has
0 = ∆B(rH) =
∑
n
(
∂B(rH)
∂cn
dcn +
∂B(rH)
∂rH
∂rH
∂cn
dcn
)
,
∂B(rH)
∂rH
∂rH
∂cn
= − ∂B
∂cn
, (3.149)
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where the cn are all independent and ∆B(rH) is the (total) variation of B(rH) on the horizon.
Recall that TK and SW are computable, for example, from (3.148) and we get
TK∆SW = 12Vk (b1 dc0 − 4c2dc1 − 2c1dc2) , b1 = c0(2k + 3c0)
c1
. (3.150)
In the particular case when c0, which is a pure number, and c2, which provides the solution of a
lengh scale (see the case of R2-model in §3.6.2) are held fixed, one recovers the result of Ref. [93],
namely
EK = −48Vkc2c1 . (3.151)
This quantity is positive defined if the temperature and the entropy are also positive. In the
general case, all the constants of integration are true thermodynamic variables and, when it is
possible, one has to make use of Euclidean methods in order to identify the energy. Then the
First Law is shown to held true but with additional thermodynamic potentials, as explained in
Ref. [123]. We also observe that for Schwarzshild-dS/AdS solution of Einstein-Weyl gravity (3.133)
with non vanishing Cosmological Constant Λ, the Weyl tensor gives a contribute to the energy
changing the mass of the black hole as
EK = − c1Vk
8πGN
→ EK = −Vk
(
1
8πGN
− 48
3
VKΛ
)
c1 , c1 < 0 .
In particular, the mass decreases if Λ is positive and vice-versa if Λ is negative.
In conclusion, we have seen that, in all explicit and known examples, the First Law of black hole
thermodynamics (Clausius relation), that emerges from equations of motion, gives a reasonable
value for the energy, which results proportional to the integration constant of the SSS solutions.
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Chapter 4
The finite-time future singularities in
F(R,G)-modified gravity
Many of F(R,G)-modified gravity models suffer from the fact that they bring the future universe
evolution to finite-time singularities. It means, there is a finite time, for which some physical
quantity (like the scale factor, the effective energy density/pressure of the universe or, more
simplicity, some derivatives of Hubble parameter and therefore the components of Riemann Tensor)
becomes singular rendering unphysical the solution. Some of these singularities are softer than
other and not all physical quantities necessarily diverge in rip time. Since singular solutions
correspond to accelerated universe, they may appear as the final attractor in realistic models
which mimic the de Sitter universe where we live, leading to various instabilities in the universe and
destroying the feasibility of the models. Thus, before analyzing in the following Chapters the viable
conditions of modified gravity, it is of some interest to explore in detail the F(R,G)-gravity models
realizing future time singularities. A detailed study of singularities in F (R)-gravity can be found
in Ref. [124], here we will follow Refs. [125], [126]. In principle, Dark Energy could be described
by scalar fields, quintessence or phantom fluids, and so on. Any of such DE-models (including
modified gravity) may be represented as the effective fluid with corresponding characteristics.
Otherwise, we will see that, unlike to convenient DE-fluids which may be singular or not, modified
gravity suggests an universal scenario to cure the finite-time future singularities.
4.1 Four types of the finite-time future singularities
In general, in FRW Universe described by the metric (2.5), singularities appear during cosmo-
logical evolution when the Hubble parameter is expressed as
H(t) =
h0
(t0 − t)β +H0 , (4.1)
where h0, t0 and H0 are positive constants, β is a generic parameter which describes the type of
singularity, and t < t0 because it has to be for expanding Universe. We can see that if β > 0,
H becomes singular in the limit t → t0. Hence, t0 is the time when a singularity appears. On
the other hand, if β < 0, even for non-integer values of β some derivative of H , and therefore
the curvature or some combination of curvature invariants, becomes singular. We assume β 6= 0
because β = 0 corresponds to de Sitter space, which has no singularity. SinceH0 is not a dynamical
term, in the next Sections we will often put it equal to zero.
The finite-time future singularities can be classified in the following way [127]:
• Type I (Big Rip [128]-[146]): for t→ t0, a(t)→∞, ρeff →∞ and |peff | → ∞. It corresponds
to β = 1 and β > 1.
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• Type II (sudden [147]): for t → t0, a(t) → a0, ρeff → ρ0 and |peff | → ∞. It corresponds to
−1 < β < 0.
• Type III: for t→ t0, a(t)→ a0, ρeff →∞ and |peff | → ∞. It corresponds to 0 < β < 1.
• Type IV: for t → t0, a(t) → a0, ρeff → ρ0, |peff | → p0 and higher derivatives of H diverge.
It corresponds to β < −1 but β is not any integer number.
Here, a0(6= 0) and ρ0, p0 are constants. We remember that ρeff and peff are referred to the effective
energy density and pressure of the universe and for F(R,G)-gravity are given by Eqs.(2.16)-(2.17).
Moreover, we call singularities for β = 1 and those for β > 1 as the ‘Big Rip’ singularities and the
‘Type I’ singularities, respectively.
The Type I, II or III singularity appears when the Ricci scalar diverges and becomes singular. In
such a case, the cosmological expansion of the model could tend towards this asymptotic solution1.
It is interesting to note that, since singular solution often is an attractor of the system, it can appear
and destabilize the model also in the presence of other stable solutions (see also Refs. [148, 149]
where the Starobinsky model [150] has been considered). As a qualitative example, we want to
consider here the case of a realistic F (R)-gravity model, namely the Hu-Sawiki Model [151], able
to reproduce the de Sitter solution of dark energy epoch,
F (R) = R− m˜
2c1(R/m˜
2)n
c2(R/m˜2)n + 1
= R− m˜
2c1
c2
+
m˜2c1/c2
c2(R/m˜2)n + 1
. (4.2)
Here, m˜2 is a mass scale, c1 and c2 are positive parameters and n is a natural positive number.
The model is very carefully constructed, such that c1m˜
2/c2 ≃ 2Λ, where Λ is the Cosmological
Constant, and in the high curvature region the physics of ΛCDM Model can be found. We note
that the scalaron F ′(R),
F ′(R) = 1− m˜
2c1/c2
(c2(R/m˜2)n + 1)
2 (n)
( c2
m˜2
)( R
m˜2
)n−1
, (4.3)
tends to a constant when R→ ±∞. Furthermore, one can evaluate the potential Veff of Eq. (2.28)
through an integration. By neglecting the contribute of matter, when R→ ±∞ one easily gets
Veff(R→ ±∞) ≃ − m˜
2c1/c2
3c2(R/m˜2)n
( c2
m˜2
)
(n+ 1) . (4.4)
Up to now, we are not able to say if some singular solution appears in this model. In addition,
the Hu-Sawiki Model exhibits a stable de Sitter solution, that may be the final attractor of the
system. On the other hand, if a singular solution where R diverges exists, it is at a finite value
of Veff (in particular, it tends to zero) and the scalaron F
′(R) can crossover the potential in some
point of cosmological evolution and arise the value F ′(R) = 0 for which catastrophic curvature
singularity emerges. In the Appendix B the energy conditions related with occurrence of singu-
larities are discussed. In general, it is possible to see that singularities violate the strong energy
condition (SEC) describing acceleration. This is the reason for which realistic models for the dark
energy could become unstable and fall into a singularity. We will better analyze the singularities in
Hu-Sawiki Model in § 4.4.1 and we will see that for some choices of parameters the model exhibits
singularities in expanding universe.
Finally, the Type IV singularity appears for finite values of R. Since in this case only higher
derivatives of Hubble parameter diverge, then some combination of curvature invariants also di-
verges and leads to singularity. As a consequence, the solution becomes unphysical or may cause
1As regard to this point, it is well know that phantom dark energy (ωeff < −1) reproduces the acceleration of
the universe ending in the Big Rip. We will briefly analyze in §5.1.1 of the next Chapter a quintessence/phantom
(inhomogeneous) fluid with de Sitter solution and final attractor in the Big Rip.
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serious problems at the level of the black holes or stellar astrophysics [108, 109].
The study of the singularities is fundamental in order to achieve a correct description of the
universe. In the next Sections we will reconstruct the specific classes of models which produce
finite-time future singularities and the curing terms which protect the theory against singularities.
Since near the singularities the Hubble parameter or its derivative diverge, we often analyze the
problem in the asymptotic limit, when t is close to t0. We will also reasonably assume that the
contribute of matter in expanding universe is avoidable.
4.2 Effective parameters and singular solutions
It could be useful to introduce the (on shell) effective energy density and pressure (2.18)–(2.19)
in FRW universe to verify the presence of singularities in f(R,G)-modified gravity models, when
F(R,G) = R + f(R,G), as in Eq. (2.10). In this case, we can treat modification to gravity like
an effective dark energy fluid. We get
ρeff =
1
2κ2
[
(Rf ′R +Gf
′
G − f)− 6Hf˙ ′R − 24H3f˙ ′G − 6H2f ′R
]
+ ρm , (4.5)
and
peff =
1
2κ2
[
(f −Rf ′R −Gf ′G) + 4Hf˙ ′R + 2f¨ ′R
+16H(H˙ +H2)f˙ ′G + 8H
2f¨ ′G + (4H˙ + 6H
2)f ′R
]
+ pm . (4.6)
Here, f(R,G) has been replaced by f and the subscript ‘R’ is the derivative with respect to the
Ricci scalar and the subscript ‘G’ is the derivative with respect to the Gauss-Bonnet invariant.
The point denotes, as usually, the time derivative.
By combining the EOMs (2.14)–(2.15), we obtain
G(H, H˙...) = − 1
κ2
[
2H˙ + 3(1 + w)H2
]
, (4.7)
where
G(H, H˙...) = peff − ωρeff . (4.8)
In the above expressions, ω = pm/ρm is the (constant) EoS parameter of matter. When a cos-
mology is given by Hubble parameter H = H(t), the right-hand side of Eq. (4.7) is described by
a function of t. If the function G(H, H˙...) in Eq. (4.8), which is the combination of H , H˙ , H¨ and
the higher derivatives of H , reproduces the above function of t, this cosmology could be realized2.
Hence, the function G(H, H˙...) can be used to judge whether the particular cosmology could be
realized or not [124]. The form of G(H, H˙...) is determined by the gravitational theory which one
considers. In the case of f(R,G)-gravity, by substituting Eqs. (4.5) and (4.6) into Eq. (4.8), we
find
G(H, H˙...) = 1
2κ2
{
(1 + ω)(f −Rf ′R −Gf ′G) + f ′R
[
6H2(1 + ω) + 4H˙
]
+Hf˙ ′R(4 + 6ω) + 8Hf˙
′
G
[
2H˙ +H2(2 + 3ω)
]
+ 2f¨ ′R + 8H
2f¨ ′G
}
. (4.9)
2A remark is in order. When matter is taken into account, we need two EOMs, so that the using of one equation
only is not enough. However, we will consider singular solutions in vacuum.
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If any singularity occurs, Eq. (4.7) behaves as
G(H, H˙...) ≃


− 3(1+ω)h20+2βh0κ2 (t0 − t)−2 (β = 1) Big Rip ;
− 3(1+ω)h20κ2 (t0 − t)−2β β > 1 (Type I) ;
− 2βh0κ2 (t0 − t)−β−1 β < 1 (Types II, III, IV ) .
(4.10)
Here, we have used the singular form of H in Eq. (4.1) with H0 = 0 and we have considered the
limit t→ t0.
In order to check the presence of singularities in a specific model of f(R,G)-gravity, it could
be useful to verify the consistence of Eq. (4.9) with Eq. (4.10). The behavior of Eq. (4.9) takes
two different asymptotic forms which depend on the parameter β as follows:
• Case of β ≥ 1: In the limit t→ t0, one has
G(H, H˙...) ∼ α
[
f +
f ′R
(t0 − t)2β +
f ′G
(t0 − t)4β
]
+ γ
f˙ ′R
(t0 − t)β
+δ
f˙ ′G
(t0 − t)3β + ǫf¨
′
R + ζ
f¨ ′G
(t0 − t)2β , (4.11)
where α, γ, δ, ǫ and ζ are constants. To realize a I Type singularity, we must verify the
consistence with the first cases of Eq. (4.10). Hence, if for G ∼ 1/(t0 − t)4β and R ∼
1/(t0 − t)2β with β ≥ 1, the highest term of Eq. (4.11) is proportional to 1/(t0 − t)2β , it
is possible to have an (asymptotic) Type I singularity. This condition is necessary and not
sufficient. Another very important condition that must be satisfied is the concordance of the
signs in Eq. (4.10), which depends on the parameters of the model.
• Case of β < 1: In the limit t→ t0, one has
G(H, H˙...) ∼ α
[
f +
f ′R
(t0 − t)β+1 +
f ′G
(t0 − t)3β+1
]
+ γ
f˙ ′R
(t0 − t)β
+δ
f˙ ′G
(t0 − t)2β+1 + ǫf¨
′
R + ζ
f¨ ′G
(t0 − t)2β . (4.12)
To realize this kind of singularities, the last case of Eq.(4.10) has to be verified. Thus, if
for G ∼ 1/(t0 − t)3β+1 and R ∼ 1/(t0 − t)β+1 with β < 1, the highest term of Eq. (4.12) is
proportional to 1/(t0− t)β+1, it is possible to have a Type II, III or IV singularity. Also this
condition is necessary and not sufficient.
In the next Sections, we will reconstruct the typical forms of modify gravity which could lead to
singularities.
4.3 The reconstruction of singular f(G)-gravity
In this Section, as an explicit example of F(R,G)-gravity, we reconstruct the f(G)-gravity
models where finite-time future singularities may occur. The action is given by
I =
∫
M
d4x
√−g [R+ f(G)] . (4.13)
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It means that the modification to GR is represented by the function f(G) of the Gauss-Bonnet
invariant only. To find the f(G)-models which realize the form of H given by Eq. (4.1), we adopt
the reconstruction method of modified gravity [124, 153, 154, 155, 156]. By using proper functions
P (t) and Q(t) of a scalar field t which we identify with the cosmic time, we can write the action
(in vacuum) as
I =
1
2κ2
∫
M
d4x
√−g [R+ P (t)G+Q(t)] . (4.14)
The variation with respect to t yields
P˙ (t)G+ Q˙(t) = 0 , (4.15)
from which, in principle, we can get t as a function of G, t = t(G). By substituting t = t(G) into
Eq. (4.14), we find the action in terms of f(G),
f(G) = P (t(G))G +Q(t(G)) . (4.16)
We describe the scale factor as
a(t) = a0 exp [g(t)] , (4.17)
where a0 is a constant and g(t) is a proper function of t. By using the explicit form of the
EOMs (2.6)–(2.7), and by writing f(G) as in Eq. (4.16) and the scale factor into the Hubble
parameter (H(t) = g˙(t)), and by using the matter conservation law (2.20) and then neglecting the
contribution from matter, we get the differential equation
2
d
dt
[
g˙2(t)P˙ (t)
]
− 2g˙3(t)P˙ (t) + g¨(t) = 0 . (4.18)
From the first EOM (2.6), Q(t) is derived as
Q(t) = −24g˙3(t)P˙ (t)− 6g˙2(t) . (4.19)
Big Rip singularity
First, we examine the Big Rip singularity. If β = 1 in Eq. (4.1) with H0 = 0, H and G are given
by
β = 1 ,


H(t) = h0(t0−t) ,
G(t) =
24h30
(t0−t)4 (1 + h0) .
(4.20)
The scale factor results
a(t) =
a0
(t0 − t)h . (4.21)
From Eqs. (4.18)–(4.19), we get for h0 6= 1,
h0 6= 1 ,


P (t) = 14h0(h0−1) (2t0 − t)t+ c1
(t0−t)3−h0
(3−h0) + c2 ,
Q(t) = − 6h20(t0−t)2 −
24h30
[
(t0 − t)/(2h0(h0 − 1))− c1(t0 − t)2−h0
]
(t0 − t)3 .
(4.22)
Here, c1 and c2 are generic constants. We can take c1 = 0 in the particular case of h0 = 3.
Furthermore, from Eq. (4.15) we correctly obtain
t =
[
24(h30 + h
4
0)
G
]1/4
+ t0 . (4.23)
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By solving Eq. (4.16), we reconstruct the most general form of f(G) which realizes the Big Rip
singularity,
f(G) =
√
6h30(1 + h0)
h0(1 − h0)
√
G+ c1G
h0+1
4 + c2G . (4.24)
This is an exact solution of Eq. (4.7) in the case of Eq. (4.20). In the model R + αG1/2, where
α(6= 0) is a constant, the Big Rip singularity for G → +∞ could appear realizing any value of
h0 6= 1. In the above expression, G(1+h0)/4 is an invariant with respect to the Big Rip solution
and G is the (trivial) topological invariant and does not contribute to the dynamic.
In the case of h0 = 1, it is possible to find another exact solution of P (t) and Q(t), namely
h0 = 1 ,


P (t) = − 14c2 (t0 − t)2 ln [c1(t0 − t)c2 ] ,
Q(t) = − 12(t0−t)2 ln [c1(t0 − t)] .
(4.25)
The final form of f(G) is given by
f(G) =
√
3
2
√
G ln[c1G] . (4.26)
This is another exact solution of Eq. (4.7) for H(t) = 1/(t0 − t). In general, in the model
R+ α
√
G ln[γG] with α , γ positive constant parameters, this Big Rip singularity could appear.
Other types of singularities
Next, we investigate the other types of singularities. We restrict our investigation to the case
of H0 = 0 in Eq. (4.1). For β > 1 we get in the asymptotic limit
β > 1 ,


H(t) = h0(t0−t)β ,
G(t) ≃ 24h40(t0−t)4β .
(4.27)
When β 6= 1, Eq. (4.1) implies that the scale factor a(t) behaves as
a(t) = a0 exp
[
h0(t0 − t)1−β
β − 1
]
. (4.28)
Thus, by evaluating Eq. (4.18) in the limit t→ t0, we obtain
P (t) ≃ − 1
4h02
(t0 − t)2β , f(G) = −12
√
G
24
. (4.29)
Hence, in the model R− α
√
G with α > 0, a Type I singularity for G→ +∞ could appear.
When β < 1, the forms of H and G are given by
β < 1 ,


H(t) = h0(t0−t)β ,
G(t) ≃ 24h30β(t0−t)3β+1 .
(4.30)
An asymptotic solution of Eq. (4.18) in the limit t→ t0 is given by
P (t) ≃ 1
2h0(1 + β)
(t0 − t)1+β , f(G) = 6h
2
0
(β + 1)
(3β + 1)
( |G|
24h30|β|
)2β/(3β+1)
. (4.31)
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Hence, if f(G) behaves as
f(G) ≃ α|G|γ , γ = 2β
3β + 1
, (4.32)
with α > 0 and 0 < γ < 1/2, we find 0 < β < 1 and a Type III singularity for G → +∞ could
emerge.
If α > 0 and −∞ < γ < 0, we find −1/3 < β < 0 and a Type II (sudden) singularity for
G → −∞ could appear. Moreover, if α < 0 and 1 < γ < ∞, we obtain −1 < β < −1/3 and a
Type II singularity with G→ 0− could occur.
Finally, if α > 0 and 2/3 < γ < 1, we obtain −∞ < β < −1 and a Type IV singularity for
G → 0− could appear. We also require that γ 6= 2n/(3n − 1), where n is a natural number, in
order to exclude the non singular solutions with β < −1 integer numbers.
We can generate all the possible Type II singularities as shown above except for the case
β = −1/3, namely
H(t) =
h0
(t0 − t)1/3
, G(t) = −8h30 + 24h40(t0 − t)4/3 . (4.33)
To find t in terms of G, we must consider the whole expression of G by taking into account also
the low dynamical term of (t0 − t). We finally obtain
f(G) ≃ 1
4
√
6h30
G|G+ 8h30|1/2 +
2√
6
|G+ 8h30|1/2 . (4.34)
As a consequence, the specific model R+ γ1G|G+ γ3|1/2 + γ2|G+ γ3|1/2, with γ1,2,3 positive con-
stants, can generate the Type II singularity where G tends to the negative constant −γ3(= −8h30)
as in (4.33).
All the asymptotic solutions we have found satisfy Eq. (4.10) in the corresponding cases.
4.3.1 Example of realistic f(G)-models generating singularities
Here, we study the presence of singularities in the following realistic models of f(G)-gravity
which reproduce the dark energy epoch, namely [157]
f1(G) =
a1G
n + b1
a2Gn + b2
; (4.35)
f2(G) =
a1G
n+N + b1
a2Gn + b2
; (4.36)
f3(G) = a3G
n(1 + b3G
m) ; (4.37)
f4(G) = (G
m)
a1G
n + b1
a2Gn + b2
. (4.38)
Here, a1,2,3, b1,2,3, n, m and N are constants.
We start from the model (4.36), which is a generalization of (4.35). When n > 0, Types I, II
and III singularities may be present. In fact, for N = 1/2, one could have Big Rip singularity,
since in this case, in the asymptotic Big Rip limit of large G, Eq. (4.36) gives f2(G) ≃ αG1/2
with α ≶ 0. Moreover, again with N = 1/2, if a1/a2 < 0, Eq. (4.36) for large value of G leads to
f2(G) ≃ −αG1/2 with α > 0 and thus Type I singularity could appear. If n and N are integers
and n + N > 0, for large and negative value of G, f2(G) ∼ a1/(a2G−N ). As a result, a Type II
singularity could appear, when −n < N < 0, N even and a1/a2 > 0 or N odd and a1/a2 < 0
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(see Eq. (4.32) and the related discussion). If 0 < N < 1/2 and a1/a2 > 0, we have the Type
III singularity for large and positive values of G, such that f2(G) ∼ (a1/a2)GN . Finally, when
G→ 0−, we do not recover any example of singularity of the preceding analysis.
If there exists any singularity solution, the consistence of Eq. (4.9) and Eq. (4.10) has to be
verified, as we have already discussed in §4.2.
We see that our model in Eq. (4.36) with n > 0 and N > 0 could also produce Type II
singularity for 0 < β < −1/3, or Type IV singularity for β < −1, when G→ 0−. We get
f2(G) ∼ b1
b2
,
df2(G)
dG
∼ −nb1a2
b22
Gn−1 .
We are assuming b1/b2 very small and avoidable in Eq. (4.9), otherwise we have to consider H0 6= 0
in Eq. (4.1) and a different analysis of Eq. (4.9) has to be done. It can be shown that, under the
requirement n > 2/3 (the relation between n and β is n = 2β/(3β + 1)), the asymptotic behavior
of Eq. (4.12) when G ≃ 24h30β/(t0 − t)3β+1 is proportional to 1/(t0 − t)β+1 and therefore it is
possible to realize the Type II or IV singularity. Here, we include some examples:
1. For N = 1 and n = 2, G(H, H˙...) ≃ −[(24h50)b1a2/(κ2b22)](t0−t)−1/2 when β = −1/2. Hence,
if b1a2 < 0, the model can become singular when G→ 0− (Type II singularity);
2. For N = 1 and n = 3, G(H, H˙...) ≃ [b1a2/(κ2b22)](t0 − t)−4/7 when β = −3/7. Thus, if
b1a2 > 0, the model can become singular when G→ 0− (Type II singularity);
3. For N = 1 and n = 8/9, G(H, H˙...) ≃ [2(8/9)2(32−1/9)h5/30 b1a2/(κ2b22)](t0 − t)1/3 when
β = −4/3. Hence, if b1a2 > 0, the model can become singular when G → 0− (Type IV
singularity).
The model f1(G) in Eq. (4.35) is a particular case of the one in Eq. (4.36) just analized. For
large values of G, it is easy to see that G(H, H˙...) in Eq. (4.11) or in Eq. (4.12) tends to a con-
stant, so that it is impossible to find singularities. Nevertheless, by performing a similar analysis
as above, Type II or III singularities can occur when G → 0− for n > 2/3. For example, if
n = 2, and therefore β = −1/2, one finds G(H, H˙) ≃ [(24h50/(κ2b22))(a1b2 − a2b1)](t0 − t)−1/2. If
(a1b2 − a2b1) > 0, the model can become singular when G→ 0− (Type II singularity).
With regard to f3(G) in Eq. (4.37), it is interesting to find the conditions on m, n, a3 and
b3 for which we do not have any type of singularities. When G → ±∞ or G → 0−, the model
assumes the form f(G) ≃ αGγ , α and γ being constants, which we have investigated on in the
first part of this Section. We do not consider the trivial case n = m. The no-singularity conditions
follow directly from the preceding results as complementary conditions to the singularity ones:
1. Case (1): n > 0, m > 0, n 6= 1 and m 6= 1. We avoid any singularity if 0 < n +m < 1/2
and a3b3 < 0; n + m > 1/2, n > 1 and a3 > 0; n +m > 1/2, 2/3 < n < 1 and a3 < 0;
n+m > 1/2, 0 < n ≤ 2/3; n = 1/2, a3 > 0.
2. Case (2): n > 0, m < 0 and n 6= 1. We avoid any singularity if 0 < n < 1/2 and a3 < 0;
n > 1/2, n + m > 1 and a3b3 > 0; n > 1/2, 2/3 < n + m < 1 and a3b3 < 0; n > 1/2,
n+m ≤ 2/3; n+m = 1/2, a3b3 > 0.
3. Case (3): n < 0, m > 0 and m 6= 1. We avoid any singularity if m+ n > 1/2; m+ n < 1/2
and a3b3 < 0.
4. Case (4): n < 0 and m < 0. We avoid any singularity if a3 < 0.
We end this Subsection considering the last realistic model of Eq. (4.38), again for n > 0.
Since for large G, one has f4(G) ≃ (a1/a2)Gm and for small G, one has f4(G) ≃ (b1/b2)Gm, the
preceding analysis leads to the absence of any type of singularities for
1
2
< m ≤ 2
3
. (4.39)
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In fact, for this range of values, the asymptotic behavior of the right-hand side of Eq. (4.7) is
different from the asymptotic behavior of its left-hand side on the singularity solutions. Thus,
Eq. (4.38) provides an example of realistic model free of all possible singularities when Eq. (4.39)
is satisfied, independently on the coefficients. Moreover, this model suggests the universal scenario
to cure finite-time future singularities. In § 4.5 we will see that adding αGm, α being a constant
and 1/2 < m ≤ 2/3, to any singular dark energy, results in combined non-singular model.
4.4 The reconstruction of singular F(R,G)-gravity
In this Section, we reconstruct the generic F(R,G)-gravity models producing finite-time future
singularities.
We rewrite the action (2.1) in vacuum by using proper functions Z(t), P (t) and Q(t) of a scalar
field which is identified with the time t,
I =
1
2κ2
∫
M
d4x
√−g [Z(t)R+ P (t)G+Q(t)] . (4.40)
By the variation with respect to t, we obtain
Z˙(t)R + P˙ (t)G+ Q˙(t) = 0 , (4.41)
from which in principle it is possible to get t as a function of R and G, namely t = t(R,G). By
substituting t = t(R,G) into Eq. (4.40), we derive the action in terms of F(R,G),
F(R,G) = Z(t(R,G))R+ P (t(R,G))G +Q(t(R,G)) . (4.42)
By using the conservation law and the EOMs, and then neglecting the contribution from matter,
we obtain the differential equation
Z¨(t) + 4g˙2(t)P¨ (t)− g˙(t)Z˙(t) + [8g˙(t)g¨(t)− 4g˙3(t)]P˙ (t) + 2g¨(t)Z(t) = 0 , (4.43)
where we have putted the scale factor a(t) = a0 exp[g(t)] as in Eq. (4.17) and the Hubble parameter
H(t) = g˙(t). From the first EOM again, Q(t) becomes
Q(t) = −24g˙3(t)P˙ (t)− 6g˙2(t)Z(t)− 6g˙(t)Z˙(t) . (4.44)
Big Rip singularity
First, we investigate the Big Rip singularity. By putting β = 1 in Eq. (4.1) with H0 = 0, we
have
β = 1 ,


H(t) = h0(t0−t) ,
R(t) = 6h0(t0−t)2 (2h0 + 1) ,
G(t) =
24h30
(t0−t)4 (1 + h0) .
(4.45)
Let us see for some solutions of Eqs. (4.43)–(4.44). A simple (trivial) solution is given by

Z(t) = c1(t0 − t)z+ + c2(t0 − t)z− ,
P (t) = c0(t0 − t)3−h0 ,
Q(t) =
24h30c0(3− h0)
(t0 − t)h0+1 +
6h0c1(z+ − h0)
(t0 − t)2−z+ +
6h0c2(z− − h0)
(t0 − t)2−z− .
(4.46)
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Here, c0,1,2 are generic constant and z± read
z± =
1− h0 ±
√
h20 − 10h0 + 1
2
. (4.47)
Under the condition 0 < h0 < 5− 2
√
6 or h0 > 2 +
√
6, the solution of F(R,G) takes the form
F(R,G) = α1R1−
z+
2 + α2R
1− z−2 + δ G
h0+1
4 , (4.48)
where α1,2 and δ are constants. If δ = 0, we find a F (R)-model realizing Big Rip according
with Ref. [124]. G
h0+1
4 , combined with R, is an invariant of the Big Rip solution in the f(G)-
models R + f(G) and produces the Big Rip in the general class of F(R,G)-gravity. Note that
1− (z±/2) 6= 1, according with the fact that Einstein gravity is free of singularities.
Another exact solution of Eqs. (4.43)-(4.44) is given by

Z(t) = c1(t0−t)z+2 ,
P (t) = c0(t0−t)z ,
Q(t) = − 6h0(t0−t)z+4
[
4h20zδ + c1(z + 2 + h0)
]
.
(4.49)
Here, c0 and z are free constants and c1 is given by
c1 =
4h20z c0(h0 − z − 3)
[z2 + (5− h0)z + 6] . (4.50)
From Eq. (4.41) we get
(t0 − t) ≡ g(R,G)
=
{
−c1(z + 2)R±
√
c21(z + 2)
2R2 + 24h0 [4h20z c0 + c1(z + 2 + h0)] (z + 4)(z c0)G
2(z c0)G
}1/2
, (4.51)
with z 6= 0 and c0 6= 0.
To have real solutions, we must require that the arguments of the roots in Eq. (4.51) are
positive. Since h0 > 0, the principal cases are as follows:
1. Case (1): z > 0, c0 > 0, 1 + z ≤ h0 < z + 5 + 6z . We must use the sign + in Eq. (4.51);
2. Case (2): − 32 ≤ z < 0, c0 < 0, h0 ≥ z + 1. We must use the sign +;
3. Case (3): −4 < z < − 32 , c0 < 0, h0 > z + 5 + 6z . We must use the sign +;
4. Case (4): z > 0, c0 < 0, z + 5 +
6
z > h0 ≥ 1 + z. We must use the sign −;
5. Case (5): − 32 ≤ z < 0, c0 > 0, h0 ≥ z + 1. We must use the sign −;
6. Case (6): −4 < z < − 32 , c0 > 0, h0 > z + 5 + 6z . We must use the sign −;
7. Case (7): z = −4, c0 > 0. We must use the sign −;
8. Case (8): z = −4, c0 < 0. We must use the sign +.
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The solution of F(R,G) reads
F(R,G) = c1
(g(R,G))z+2
R+
c0
(g(R,G))z
G− 6h0
(g(R,G))z+4
[
4h20z c0 + c1(z + 2 + h0)
]
, (4.52)
where g(R,G) is given by Eq. (4.51). This is an exact solution of the EOMs for the Big Rip case.
We show several examples:
1. In the case c1 = 1 and z = −2, we find
F(R,G) = R+
√
6
√
h0(1 + h0)
(1− h0)
√
G , h0 6= 1 , (4.53)
which is in agreement with the result of the previous Section.
2. If c1 = 0 and z = h0 − 3 (this case corresponds to the cases (1)–(6) presented above), we
find
F(R,G) = δ Gh0+14 , δ 6= 0 , (4.54)
which is equivalent to Eq. (4.48) with α1 = α2 = 0.
3. If z = −4, the result is given by
F(R,G) = 16h
4
0c0
(1 + 2h20)
2
[
(9 + 21h0 + 6h
2
0)− (1 + h0)2
R2
G
]
, c0 6= 0 . (4.55)
Hence, if F(R,G) = ±α ∓ δ · (R2/G) with α > 0 and δ > 0, the Big Rip singularity could
appear for large values of R and G.
4. If z = h0 − 1, by absorbing some constant into c˜0, the solution becomes
F(R,G) = c˜0G
(
R
G
) 1−h0
2
, c˜0 6= 0 , h0 6= 1 . (4.56)
Thus, if F(R,G) = δ Gγ/Rγ−1 with δ 6= 0 and 1/2 < γ < 1 or 1 < γ < +∞, the Big Rip
singularity could appear for large values of R and G.
To conclude this Subsection, we mention the following form of modified gravity:
F(R,G) = δ
(
Gm
Rn
)
, (4.57)
with δ being a generic constant. It is possible to verify that such model is a solution of the EOMs
(2.6)–(2.7) in the case of the Big Rip singularity (β = 1) for some values of h0. In general, we
can obtain solutions for h0 > 0 if m > 0, n > 0 and m > n. For example, the case n = 2 and
m = 3 realizes the singularity in h0 = 5; the case n = 1 and m = 3 realizes the singularity in
h0 = 4+
√
19 and so forth. This is a generalization of model (4.56). Note that we do not recover
a physical solution for m = −1 and n = −2 because in this case h0 = −3: for a similar kind of
model, where F(R,G) is a function of R2/G, namely F(R,G) = F(R2/G), which produces the
Big Rip singularity, see Eq. (4.55). For m = 0 or n = 0, we recover Eq. (4.48) again.
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Other types of singularities
Next, we study the other types of singularities. We consider the case in which H is given by
H(t) =
h0
(t0 − t)β , β 6= 1 . (4.58)
An exact solution of Eqs. (4.43)-(4.44) is

Z(t) = −c0(4h20)(t0 − t) ,
P (t) = c0(t0 − t)2β+1 ,
Q(t) =
24h40c0
(t0 − t)2β−1 +
48h30β
(t0 − t)β .
(4.59)
As usually, c0 is a generic constant. For β = 1, we find a special case of Eq. (4.52). For β > 1, we
obtain the following asymptotic real solution of Eq. (4.41),
(t0 − t) = g(R,G) = 21/2β
[
h20R+
√
h40R
2 + 6h40(4β
2 − 1)G
(1 + 2β)G
]1/2β
. (4.60)
The form of F(R,G) is expressed as
F(R,G) = −4h20c0[g(R,G)]R+ c0[g(R,G)1+2β ]G+ 24h40c0[g(R,G)1−2β ] , β > 1 . (4.61)
In the case β ≫ 1, the form of F(R,G) can be written as
F(R,G) ≃ R− αG
R+
√
R2 + γG
, α > 0 , γ > 0 . (4.62)
This is the behavior of a F(R,G)-model in which a “strong” Type I singularity (β ≫ 1) could
appear for R,G→ +∞ and asymptotically solves Eq. (4.7).
To find other models, we can consider the results of § 4.3. The Type I singularities (β > 1)
correspond to the asymptotic limits for R and G,
β > 1 ,


R(t) ≃ 12h20
(t0−t)2β ,
G(t) ≃ 24h40
(t0−t)4β .
(4.63)
These are two functions of the Hubble parameter only, so that
lim
t→t0
24
(
R
12
)2
= lim
t→t0
G . (4.64)
If we substitute G for R in the model (4.29) by taking into account Eq. (4.64), we obtain a
zero function (this is because model (4.29) is zero on the singularity solution). Howevere, if we
substitute G for G/R, we obtain the following model,
F(R,G) = R− 6G
R
. (4.65)
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This is an asymptotic solution of Eq. (4.7). Thus, there appears Type I singularity with R,G→
+∞ in the class of models F(R,G) = R− α(G/R), with α > 0.
In the case of H(t) = h0/(t0− t)β with β < 1, it is not possible to write G and R like functions
of the same variable (H or the same combination of H and H˙). Nevertheless, if we examine the
asymptotic behavior of G and R, we have
β < 1 ,


R(t) ≃ 6h0β
(t0−t)β+1 ,
G(t) ≃ 24h30β
(t0−t)3β+1 .
(4.66)
As a consequence, one finds
G
R
∼ G 2β3β+1 . (4.67)
If we use G/R for G in the model (4.31) as in Eq. (4.67), we see that Eq. (4.7) is asymptotically
verified for β < 1. Under this consideration, by setting some parameters, it is possible to derive a
general F(R,G)-gravity theory from Eq. (4.31) as
F(R,G) = R+ 3
2
G
R
, (4.68)
in which the other types of singularities appear. Thus, in the model F(R,G) = R+α(G/R) with
α > 0, the Type II, III and IV singularities could appear. Then, by substituting G for R we get
F(R,G) ≃ R− δ (1 + β)
(β − 1) |R|
2β
1+β , δ > 0 . (4.69)
This result3 is according with Ref. [124]. In the model F (R) = R + αRγ , with 0 < γ < 1 and
α > 0, a Type III singularity could appear for R → +∞. In the model F (R) = R + α|R|γ ,
with −∞ < γ < 0 and α > 0, a Type II singularity could appear for R → −∞. In the model
F (R) = R+ α|R|γ , with 2 < γ < +∞ (γ 6= 2n/(n− 1), where n is a natural number) and α < 0,
a Type IV singularity could appear for R→ 0−.
In the next Subsection we will analyze an example of realistic F (R)-gravity generating singu-
larity.
4.4.1 Example of realistic singular-F (R)-model: the Hu-Sawicki Model
Let us return to Hu-Sawicki Model of Eq. (4.2). The Hu-Sawiki Model could become singular
when R diverges. In particular, it shows a Type II singularity when H behaves as:
H(t) =
h0
(t0 − t)β +H0 , −1 < β < 0 , (4.70)
where we have reintroduced the positive constant H0. As usually, the constant h0 has to be
positive. In the asymptotic limit, Eq. (4.7) with Eq. (4.9) are verified by putting:
β = − n
n+ 2
, H0 =
√
c1m˜2
6c2
, h0 =
[
6n2(n+ 1)
(n+ 2)2
(
2 + n
−6n
)n+2 (
c1
c22
(
m˜2
)(n+1))]n+2
. (4.71)
Here, h0 is positive if n is an even number and the model may show the Type II singularity in
expanding universe (if n is an odd number, this kind of singularity could appear for contracting
3Note that in the Big Rip case we have found exact solutions. This kind of reasoning is therefore inapplicable.
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universe, as the Big Crunch). Note that H0 is the constant Hubble parameter HdS of the de Sitter
universe, H0 = HdS. We have just discussed in § 4.1 the problems generated by the possibility to
have singular solutions in the cosmological scenario described by Hu-Sawiki Model. Let us have a
look for the strategy to use in order to cure singularities occurrence.
4.5 Curing the finite-time future singularities
In this last Section, we discuss a possible way to cure the finite-time future singularities in
modified gravity whose lagrangian is in the form F(R,G) = R+ f(R,G). We will see some simple
curing terms, that is, some power functions of R or G, to add into the theory in order to prevent
the singularities. In the last Subsection, the quantum effects in the range of high curvatures are
also discussed.
4.5.1 Power terms of R and G
First, we consider f(G)-modified gravity. If any singularity occurs, G(H, H˙...) evaluated on the
singular form of H of Eq. (4.1) with H0 = 0, behaves as in Eq. (4.10).
The singularities appear in two cases: (a) G→ ±∞ (Big Rip, Type I and Type III singularities
and Type II singularities with −1/3 < β < 0 ); (b) G → 0− (Type IV singularities and Type II
singularities with −1 < β < −1/3)4.
1. Case of G→ ±∞.
Let us consider the f∗(G) curing term
f∗(G) = γGm , m 6= 1 , (4.72)
with γ 6= 0 and m being a constant. One way to prevent a singularity appearing could
be that the function G(H, H˙...) becomes inconsistent with the behavior of Eq. (4.10). In
general, G(H, H˙...) must tend to infinity faster than Eq. (4.10). For H = h0/(t0 − t), this is
the Big Rip, the (additive) contribute of f∗(G) to G(H, H˙...) is given by
G∗(H, H˙...) ∼ α
(t0 − t)4m . (4.73)
Here, α is a generic constant. Hence, if m > 1/2, we avoid the singularity. Nevertheless,
there is one specific case in which the Big Rip singularity could still occur. If m = (1+h0)/4,
G∗(H, H˙...) is exactly equal to zero, so that (for example) the following specific model, with
m > 1/2, admits the Big Rip singularity,
R+ f(G) = R+
√
24m(4m− 1)3
2h0(1− 2m) G
1/2 + γGm . (4.74)
This is because the power function Gm is an invariant with respect to the Big Rip singularity
generated by G1/2-term. If we have the model R + α
√
G, we can eliminate the Big Rip
singularity with a power function γGm (m > 1/2) only if α > 0 (such that the configuration
of Eq. (4.74) cannot be realized).
For H = h0/(t0− t)β with β > 1, this is the Type I singularity, the curing term in Eq. (4.72)
leads to
G∗(H, H˙...) ∼ α
(t0 − t)4βm . (4.75)
Also in this case, if m > 1/2, we avoid the singularity.
For example, the model R+ α
√
G + γG2 with α > 0 is free of Type I singularities, while if
α < 0 the Big Rip singularity could still appear.
4Note that, if H tends to a non avoidable constant H0, the Gauss-Bonnet diverges for any value of −1 < β < 0,
i.e. for any kind of Type II singularity, as the Ricci scalar R.
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For H = h0/(t0 − t)β with 0 < β < 1, this is the Type III singularity, the curing term in
Eq. (4.72) leads to
G∗(H, H˙...) ∼ α
(t0 − t)m(3β+1)+(1−β) . (4.76)
If m > 2β/(3β + 1), i.e. m > 1/2, we avoid the singularity.
Also for H = h0/(t0 − t)β with −1/3 < β < 0, this is the case of Type II singularity when
G→ −∞, we have to require the same condition. For example, the model R+α|G|m+ γG2
with m < 1/2, is free of Type I, II (with −1/3 < β < 0) and III singularities.
2. Case of G→ 0−.
For H = h0/(t0 − t)β with β < −1/3 (Type II and IV singularities), the curing term in
Eq. (4.72) leads to Eq. (4.76) again, which diverges and hence becomes inconsistent with
Eq. (4.10) if m ≤ 2/3. For example, the model R + α|G|ζ + γG−1 with ζ > 2/3 is free of
Types IV singularities.
As a result, the term γGm with m > 1/2 and m 6= 1 cures the singularities occurring when
G→ ±∞. Moreover, the term γGm with m ≤ 2/3 cures the singularities occurring when G→ 0−.
In f(R)-gravity (F (R) = R+f(R)), by using the term γRm, the same consequences are found.
The term γRm with m > 1 cures the Type I, II and III singularities occurring when R→ ±∞. On
the other hand, the term γRm with m ≤ 2 cures the Type IV singularity occurring when R→ 0−.
Note that γGm or γRm are invariants with respect to the Big Rip solution (see Eq. (4.48)), so
that in this cases it is necessary to pay attention to the whole form of the theory.
A general important result is the following: the terms like γRn or γGm with 1 < n ≤ 2 or
1/2 < m ≤ 2/3 respectively, avoid any types of singularities in f(R,G)-gravity or in the presence of
dark energy fluid producing singularities (with regard to R2 curing term see Refs. [124, 158, 159]).
4.5.2 Combinations of R and G
Within the framework of f(R,G)-gravity, that is when the Ricci scalar and the Gauss-Bonnet
invariant are combined in the modification to gravity, we can use terms like
f∗(R,G) = γ
Gm
Rn
, (4.77)
with γ 6= 0 and m, n constants, to cure the singularities.
The singularities appear in the following three cases: (a) R → ±∞, G → ±∞ (Type I and
Type III singularities and Type II singularities for −1/3 < β < 0); (b) R→ −∞, G→ 0− (Type
II singularities for −1 < β < −1/3), and (c) R→ 0−, G→ 0− (Type IV singularities).
We investigate general possibilities.
In the case of the Big Rip singularity, the contribute of f∗(R,G) to G(H, H˙...) in Eq. (4.9)
diverges as
G∗(H, H˙...) ∼ 1
(t0 − t)4m−2n . (4.78)
Thus, if m > (n + 1)/2, we avoid the singularity. Nevertheless, there is the possibility that
G∗(H, H˙...) is exactly equal to zero and the curing term does not protect the theory against the
Big Rip (see Eq. (4.56) and Eq. (4.57) in the case of m = n+1, where such combination of R and
G alone produces the Big Rip, and therefore is trivial in R + f(R,G) models). Hence, the whole
form of F(R,G) as well as its form in the asymptotic limit must be examined.
In the case of Type I singularities, G∗(H, H˙...) diverges as
G∗(H, H˙...) ∼ 1
(t0 − t)4βm−2βn . (4.79)
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Also in this case, if m > (n+ 1)/2, we avoid the singularity.
When β < 1, G∗(H, H˙...) behaves as
G∗(H, H˙...) ∼ α
(t0 − t)(3β+1)m−(β+1)n+(1−β)
. (4.80)
As a result, G∗(H, H˙...) diverges faster than (t0 − t)−β−1 and therefore the Type III singularity
(0 < β < 1) is avoided if m,n > 0 such that m > (1 + n)/2 (for example, one can choose n = 1
and m = 2). The Type II singularity for −1/3 < β < 0 is avoided if m > 0 and n < 0. The Type
II singularity for −1 < β < −1/3 is avoided if m < 0 and n < 0. Finally, the Type IV singularity
(β < −1) is avoided if n > 0 and m < 0.
4.5.3 Quantum effects
In the high curvature limit, quantum effects could become relevant and they have to be taken
into account. Consider next the quantum contribution to the conformal anomaly. The complete
energy density ρtot and pressure ptot of matter are:
ρtot = ρm + ρA , ptot = pm + pA . (4.81)
Here, ρm and pm are, as usually, the standard contributes of matter and ρA and pA are given by
quantum effects. Taking the trace TA of the conformal anomaly energy-momentum tensor,
TA = −ρA + 3pA , (4.82)
plus observing the energy conservation law,
˙ρA + 3H(ρA + pA) = 0 , (4.83)
we find that
pA = −ρA − ρ˙A
3H
. (4.84)
Thus we obtain for the conformal anomaly energy density [160, 161]:
ρA = − 1
a(t)4
∫
a(t)4H (TA) dt
= − 1
a(t)4
∫
a(t)4H
{
−12bH˙2 + 24b1(−H˙2 +H2H˙ +H4)−
(4b0 + 6b2)(
...
H + 7HH¨ + 4H˙
2 + 12H2H˙)
}
dt . (4.85)
Here, b0,1,2 are constants, occuring in the expression for the conformal trace anomaly
TA = b0(C
2 +
2
3
R) + b1G+ b2R , (4.86)
where C2 is the square of the Weyl Tensor and G the Gauss-Bonnet invariant. Explicitly, if there
are N scalars, N1/2 spinors, N2 gravitons and NHD higher derivative conformal scalars, one has
for b0 and b1 the following expressions:
b0 =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4π)2
,
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b1 =
N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4π)2
, (4.87)
whereas b2 is an arbitrary constant whose value depends on the regularization.
The quantum corrected EOM (2.14) results to be
ρeff + ρA =
3
κ2
H2 . (4.88)
Quantum effects become relevant for large values of curvature R and when the effective energy
density of the universe is not too much large. In particular, this is the case of Type II singularities,
when H = h0/(t0 − t)β with −1 < β < 0. Eq. (4.85) gives
ρA ≃ α
(t0 − t)β+2 . (4.89)
Here, α is a number. In some scenario, quantum effects have to be taken into account. In this
case, ρA diverges in Eq.(4.88) faster than H
2, so that the Type II singularity is not realized.
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Chapter 5
Viscous fluids and singularities
Here, we study some features of inhomogeneous viscous fluids, especially related with future-
time singularities. Fluids in general have been considered as candidate to dark energy into the
context of GR, since the evolution of cosmological parameters is not defined with precise accuracy,
except for the current values with 3-5% error at least, and the observations do not exclude the
possibility to have dark energy with a dynamical EoS parameter. Furthermore, modified gravity
has an equivalent description as effective (viscous) fluid. In this Chapter, as a prosecution of
the previous one, we analyze the behaviour of dark energy fluids in singular theories of modified
gravity, investigating how the singularities may change or disappear, due to the contribution of
these fluids. After that, a Section is devoted to the study of (viscous) dark energy (DE) fluids
coupled with dark matter (DM).
5.1 Viscous fluids and modified gravity
The most general form of inhomogeneous viscous fluid in FRW background is given by the
Equation of State [162, 163]
pF = ω(ρF)ρF +B(ρF, a(t), H, H˙...) , (5.1)
where pF and ρF are the pressure and energy density of fluid, respectively, and the thermodynami-
cal variable ω(ρF) is an arbitrary function of the density ρF. The bulk viscosity B(ρF, a(t), H, H˙...)
is a function of the density ρF, the scale factor a(t), and the Hubble parameter H and its deriva-
tives. The motivation in considering this general form of time-dependent bulk viscosity comes
from the modification of gravity, which can be treated as a fluid in this form. For example, in
the framework of F(R,G)-gravity, if we define the effective energy density and pressure as in
Eqs. (2.16)–(2.17), we may take B(ρF, a(t), H, H˙...) = 0 and ω(ρF) = ωeff given by Eq. (2.22).
In this way, the EoS parameter depends on H and its derivatives. Otherwise, in § 4.2, we have
used an other fluid representation for modified gravity with constant ω. In this case, we obtain
Eq. (5.1) by identifying B(ρF, a(t), H, H˙...) with G(H, H˙...) of Eq. (4.9).
Generally speaking, we refer to the quintessence when −1 < ω(ρF) < −1/3 and phantom fluid
when ω(ρF) < −1.
5.1.1 Example of realistic fluid model generating the Big Rip
In principle DE-fluids -as modified gravity- may bring the future universe evolution to become
singular. Let us analyze in some detail an interesting inhomogeneous non viscous fluid introduced
in Ref. [164], whose EoS is
pF = −ρF + f(ρF) , (5.2)
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where 

f(ρF) = +
2ρF
3n
(
1− 4nδ
(
3m˜2
κ2ρF
) 1
2
) 1
2
, t ≤ t0 ,
f(ρF) = − 2ρF3n
(
1− 4nδ
(
3m˜2
κ2ρF
) 1
2
) 1
2
, t > t0 .
(5.3)
Here, n ≥ 1 and δ are constant positive parameters, m˜2 is a mass scale and t0 is the fixed time for
which f(ρF) assumes the smallest value and it is equal to zero. The EoS parameter ω(ρF) = pF/ρF
reads
ω(ρF) = −1 + σ(t) 2
3n
(
1− 4n
δ
(
3m˜2
κ2ρF
) 1
2
) 1
2
, (5.4)
where σ(t) = 1 when t ≤ t0 and σ(t) = −1 when t > t0. We note that t = t0, such that f(ρF) = 0,
corresponds to the transition point between quintessence (−1 < ω(ρF) < −1/3) and phantom
(ωF < −1) region, so that ω(ρF) = −1. In particular, when t < t0, −1 < ω(ρF) < −1 + 2/(3n) ≤
−1/3, and when t > t0, −5/3 ≤ −1− 2/(3n) < ω(ρF) < −1.
This model may be used to correctly reproduce the matter era and the present accelerated
epoch at the time t = t0. The fluid energy conservation law reads
ρ˙F + 3Hf(ρF) = 0 , (5.5)
which leads to
ρF =
3m˜2
(
a(t)
n
) 2
n
(
4n+ c
−( 12 )
0
(
a(t)
n
)− 1n)4
c0
16δ2κ2
. (5.6)
Here, a(t) is the scale factor of the universe and c0 > 0 is an integration constant. Furthermore,
we put a(t0) = 1 and indicate the fluid energy density at the present time t0 with ρF(0).
If the mass scale m˜2 corresponds to the energy density of matter at the present time ρm(0), i.e.
ρm(0) = 3m˜
2/κ2, by imposing ρF (0)/ρm(0) = Λ/(3m˜
2), such that Λ/κ2 is the observed dark energy
density in our universe, Λ being the Cosmological Constant, and ρ˙F(0) = 0, which is the condition
to have ω(ρF(0)) = −1, one derives: 

c0 =
1
16
(
n1−
1
n
)−2
,
16n2
δ2 =
Λ
3m˜2 .
(5.7)
It is easy to see that, for t ≪ t0, since matter evolves as ρm ∼ a(t)−3, its energy density grows
up in the past faster than the one of the fluid and we have the matter era, but since for t = t0,
ρF(0) > ρm(0), there is a point in the past when the energy density of fluid overtakes the energy
density of matter and an accelerated epoch driven in a first step by quintessence fluid (for t < t0)
and therefore by phantom fluid (for t > t0) takes place. The solution of equation of motion
ρF = 3H
2/κ2 reads
H(t) =
n
(
δ√
m˜2
)
(ts − t)
(
t− ts + δ√m˜2
) , t < ts , (5.8)
where ts > 0 is a fixed time parameter. Here, we have used the first condition in (5.7). We
observe that the Hubble parameter diverges at finite-future time when t → ts, and the Big Rip
singularity appears. Therefore, ts corresponds to the life time of the universe. Thus, in order to
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get an expanding universe (H(t) > 0), δ/
√
m˜2 has to be larger than ts. The de Sitter solution at
the present corresponds to t0 = ts − (δ/2
√
m˜2).
In conclusion, we have seen that fluid exits from de Sitter-phase involving in a phantom region.
The de Sitter solution is not a final attractor of the system, which becomes singular. If we want
to remove such singularity, we can use some power functions of R or some power functions of G
in the framework of f(R,G)-modified gravity via scenario suggested in Chapter 3. Now, we will
see how (vice-versa) inhomogeneous fluids can cure singularities in f(R,G)-gravity.
5.2 Viscous fluids in singular universe
In this Section, we analyze the results obtained in Ref. [165] and we take a simple theory of
modified gravity where F(R,G) = R + f(R,G) as in Eq. (2.10). Moreover, we consider the
presence of a viscous fluid, whose Equation of State is a simple formulation of Eq. (5.1) and it is
given by
pF = ω(ρF)ρF − 3Hζ(H) , (5.9)
where ζ(H) is the bulk viscosity and it depends on the Hubble parameter H only. On thermody-
namical grounds, in order to have the positive sign of the entropy change in an irreversible process,
ζ(H) has to be a positive quantity, so we assume ζ(H) > 0 [166, 167]. For the stress-energy tensor
of fluid T
(fluid)
µν , one has :
T (fluid)µν = ρFuµuν + (ω(ρF)ρ− 3Hζ(H)) (gµν + uµuν) , (5.10)
where uµ = (1, 0, 0, 0) is the four velocity vector. Now in the effective parameters of Eqs. (2.18)–
(2.19), by avoiding the ordinary matter and radiation, we want to take into account the presence
of viscous fluid, such that
ρeff = ρMG + ρF , peff = pMG + pF , (5.11)
where the suffix ‘MG’ indicates the ‘modified gravity’ contributes given by
ρMG =
1
2κ2
[
(Rf ′R +Gf
′
G − f)− 6Hf˙ ′R − 24H3f˙ ′G − 6H2f ′R
]
,
pMG =
1
2κ2
[
(f −Rf ′R −Gf ′G) + 4Hf˙ ′R + 2f¨ ′R
+16H(H˙ +H2)f˙ ′G + 8H
2f¨ ′G + (4H˙ + 6H
2)f ′R
]
. (5.12)
The equations of motion finally read
ρMG + ρF =
3
κ2
H2 , pMG + pF = − 1
κ2
(
2H˙ + 3H2
)
. (5.13)
As a consequence, we obtain the fluid energy conservation law,
ρ˙F + 3HρF(1 + ω(ρF)) = 9H
2ζ(H) . (5.14)
In what follows, we will concentrate again on the singular form of Hubble parameter as in Eq. (4.1),
namely H(t) = h0/(t0 − t)β +H0, such that the scale factor behaves as


a(t) = a0(t0−t)h , β = 1 (Big Rip) ;
a(t) = a0 exp
[
h0(t0−t)1−β
β−1
]
, β(6= 1) > 0 (Type I, III singularities) ;
a(t) = a0 exp
[
h0(t0−t)1−β
β−1 +H0
]
, β < 0 (Type II, IV singularities) .
(5.15)
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As usually, a0 and h0 are positive constants and t0 is the finite time for which singularity appears.
Here, the positive constant H0 6= 0 is considered in the significant cases of Type II and IV
singularities only.
By using Eq. (5.14), we will check the solution of the fluid energy density when H is singular.
We will see how changes the total effective energy density (and, as a consequence, the total effective
pressure) of the universe due to the fluid contribute in the case of singular theories of f(R,G)-
modified gravity, and if the singularities are still realized. In particular, we are interested in the
quintessence (−1 < ω(ρF) < −1/3) and phantom (ω(ρF) < −1) regions.
We investigate the cases of ω(ρF) constant and of ω(ρF) dependent on energy density.
5.2.1 ω(ρF) constant
Let us start considering the simple case when ω(ρF) is a constant, such that ω(ρF) = ωF, where
ωF is the constant EoS parameter of fluid. We take different choices of bulk viscosity ζ(H).
Non-viscous case
In the non-viscous case ζ(H) = 0 (perfect fluid), the solution of Eq. (5.14) assumes the classical
form
ρF = ρ0a(t)
−3(1+ωF) , (5.16)
where ρ0 is a positive constant and a(t) the scale factor. As a consequence, when singularities
occur, from (5.15) we see that ρF behaves as
1) ρF = ρ0(t0 − t)3h0(1+ωF) , β = 1 ; (5.17)
2) ρF = ρ0e
3h0(1+ωF)(t0−t)1−β
1−β , β(6= 1) > 0 ; (5.18)
3) ρF = ρ0e
3(1+ωF)(t0−t)
(
H0−h0(t0−t)
−β
β−1
)
, β < 0 . (5.19)
For β = 1 (Big Rip) and β > 1 (Type I singularity), ρF grows up and becomes relevant when t
is close to t0 only if ωF < −1. It means that phantom fluids increases the effective density and
pressure of the universe in the case of Big Rip and Type I singularities, whereas quintessence fluid
becomes negligible and do not influence the asymptotic behaviour of f(R,G)-models that realize
this kind of singularities. For this reason, for modified gravity which produces Type I singularities,
we will examine the case of phantom fluid only.
In Einstein’s gravity (f(R,G) = 0), Eq. (5.13) and Eq. (5.17) admit the solution
H(t) = − 2
3(1 + ωF)
1
(t0 − t) , (5.20)
and we can see that the phantom fluid produces the Big Rip for H(t) = h0/(t0 − t), where
h0 = −2/3(1 + ωF).
In general, by considering f(R,G)-modified gravity in the presence of phantom fluid, the
asymptotically Big Rip singularity could appear if ρMG diverges less than H
2 (∼ (t0 − t)−2) on
the singular solution of Eq. (5.20), namely the modified gravity becomes negligible with respect
to the fluid contribute in the first EOM of (5.13). On the other hand, if a f(R,G) model realizes
the Big Rip for a certain value of h0, the fluid energy density ρF of Eq. (5.17) becomes negligible
on this singular solution if ωF > −(1 + 2/(3h0)), since in this case it diverges less than H2.
When β > 1, the energy density ρF of phantom fluid exponentially diverges in Eq. (5.18), so
that the EOMs (5.13) become inconsistent and the Type I singularity is never realized.
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When 0 < β < 1, ρF tends to ρ0 with time in Eq. (5.18), and it is asymptotically negligible
with respect to H2 (∼ (t0 − t)−2β). In this case, the behaviour of f(R,G)-model realizing Type
III singularity is not influenced by perfect fluids.
For Type II and IV singular models (β < 0), the presence of quintessence or phantom fluids
can make the singularities more difficult to realize. Note that H2 of Type II and IV singularities
tends to the constant 3H20/κ
2 like ∼ (t0 − t)−β , while ρF in Eq. (5.19), after the expansion in
power series, tends to ρ0 like ∼ (1 + ωF)(t0 − t).
In the case of −1 < β < 0, the presence of fluid may change the numerical value of H0 for
which the singularity appears in f(R,G)-gravity, but does not necessarily avoid the singularity.
In the case of β < −1, since ρF behaves as (t0 − t) and asymptotically dominates the dynamic
of H2, the EOMs (5.13) could become inconsistent. In particular, the softest Type IV singularities
with |β| ≫ 1 are very difficult to realize in the presence of phantom or quintessence perfect fluids.
Examples:
• In the model R − α
√
G, where α is a positive constant, the Type I singularity or the Big
Rip for some values of h0 > 1 could occur (see Eq. (4.24) and Eq. (4.29) together). If we
add a phantom fluid (ωF < −1), the Type I singularity is avoided, while the Big Rip could
still appear.
If ωF < −5/3 (namely, ωF < −[1+2/(3h0)] for any value of h0 > 1), the fluid energy density
of Eq. (5.17) grows up faster than H2 in the case of the Big Rip, and the Big Rip with h0 > 1
is not realized. On the other hand, the phantom fluid could produce the Big Rip for some
value of 0 < h0 < 1, when h0 = −2/3(1 + ωF) like in Eq. (5.20). However, it is possible to
verify, by using (5.12), that ρMG of this model, when 0 < h0 < 1, diverges still like H
2, but
is negative. If the effective energy density of the universe becomes negative, the Big Rip is
not a physical solution.
• The model R + αRγ , where α is a constant, could realize the Type II singularity when
γ < 0 or the Type IV singularity when 2 < γ (see Eq. (4.69)). In both cases we assume H0
negligible in Eq. (4.1).
The presence of quintessence or phantom fluids does not avoid the Type II singularity,
because the numerical value of H0 changes on the singular solution (H0 =
√
κ2ρ0/3), but
the dynamical behaviour of the modified function f(R) keeps the same, due to the fact that
R tends to infinity and the constant H0 is avoidable. Moreover, if we use a phantom fluid,
there is the possibility that the Type II singularity is changed into the Big Rip in the form
of Eq. (5.20), since in this case it is easy to verify that ρMG of the model tends to zero, so
that the fluid is dominant and makes the future singularity stronger.
The Type IV singularity could be avoided by phantom or quintessence fluids, especially
if γ parameter is very close to two (it means, |β| ≫ 1). As a consequence, other future
scenarios for the universe are possible. For example, if γ = 3, the model admits an unstable
de Sitter solution with RdS =
√
1/α (see Eq. (2.39)), or the phantom fluid may produce an
accelerating phase.
• The model R − αGγ , where α > 0 and γ > 1, shows the Type II singularity with H0 = 0
and −1 < β < −1/3 (see Eq. (4.32) and the following discussion). Now, the presence of
phantom or quintessence fluids with suitable boundary conditions on ρ0, avoids the Type II
singularity. Unlike the preceding example, the value of H0 and the dynamical behaviour of
f(G) change together, because in the case of H0 = 0, when −1 < β < −1/3, G tends to zero,
but if H0 6= 0, G diverges to infinitive and the EOMs (5.13) for this kind of model become
inconsistent on the Type II singularity.
Constant viscosity
Now, we introduce bulk viscosity in cosmic fluid. Note that viscous fluids belong to more general
inhomogeneous EoS fluids introduced in Refs. [164, 168].
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Suppose to have the bulk viscosity equal to a constant ζ0, i.e. ζ(H) = ζ0. Eq. (5.14) yields:
ρF = ρ0a
−3(1+ωF) + 9ζ0a−3(1+ωF)
∫ t
a(t′)1+3ωF a˙(t′)2dt′ . (5.21)
For the Big Rip (β = 1), ρF behaves as
ρF = ρ0(t0 − t)3h0(1+ωF) + 9h
2
0ζ0
(t0 − t)(1 + 3h0 + 3h0ωF) . (5.22)
In this case, in Einstein’s framework (f(R,G) = 0), the solution of Eq. (5.13) becomes [166]:
H(t) =
√
3κ2ρ0e
(3κ2ζ0/2)t
3 +
[
3
ζ0
(1 + ωF)
√
ρ0
3κ2 (e
(3κ2ζ0/2)t − 1)
] . (5.23)
H shows a finite-time future singularity when t tends to t0, where
t0 =
2
3κ2ζ0
ln
[
1−
√
3κ2
ρ0
ζ0
(1 + ωF)
]
. (5.24)
If we expand the exponential functions around t0, we obtain:
H(t) ≃ − 2
3(1 + ωF)
1
(t0 − t) +
κ2
1 + ωF
ζ0 +O(t0 − t) , (5.25)
that corresponds to Eq. (4.1) with β = 1 (Big Rip), h0 = −2/(3 + 3ωF), where ωF < −1, and
H0 = κ
2ζ0/(1 + ωF). The viscosity ζ0 is not relevant in the asymptotic singular limit of H (here,
H0 is negative, but the first positive term of H is much larger), and we recover Eq. (5.20), that is
valid for phantom perfect fluids, and the related discussion already done is still valid.
In order to study the effects of the viscosity on Type I, II, III and IV singular models, it is
worth considering the asymptotic behaviour of the conservation law in Eq. (5.14). We require that
the left part diverges like the right part on the singular solutions,
ρ˙F + 3ρF(1 + ωF)
(
h0
(t0 − t)β +H0
)
≃ 9h
2
0ζ0
(t0 − t)2β +
18h0H0ζ0
(t0 − t)β + 9H
2
0ζ0 , (5.26)
where we take H0 = 0 if β > 0. In what follows, we neglect the homogeneous solutions, already
discussed above.
The following asymptotic solutions of Eq. (5.26) are found:
1) ρF ≃ 3h0ζ0
(1 + ωF)(t0 − t)β , β > 1 ; (5.27)
2) ρF ≃ 9ζ0h
2
0
(2β − 1)(t0 − t)2β−1 , 1 > β > 0 ; (5.28)
3) ρF ≃ 9h0H0ζ0
(β − 1)(t0 − t)β−1 +
3H0ζ0
1 + ωF
, β < 0 , H0 6= 0 . (5.29)
In the first case (β > 1), it is possible to see that fluid energy density diverges more slowly than
H2 in (5.13), so that viscous fluid does not influence the (asymptotically) behaviour of Type I
singularity in f(R,G) models, due to the constant viscosity.
Also in the second case (0 < β < 1), viscous fluid is asymptotically avoidable in the case of
Type III singularity in f(R,G) models, since fluid energy density diverges less than H2 again.
In the end, we consider fluid which tends to a constant when β < 0. Large bulk viscosity
ζ0 becomes relevant in the EOM and, if ωF < −1, the effective energy density, due to the fluid
contribute, could become negative avoiding the Type II and IV singularities.
Example:
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• We have seen in Chapter 3 that the Hu-Sawicki Model in some cases produces the Type II
singularity for a certain positive value of H0 = HdS as in Eq. (4.71).
A fluid with ωF > −1 and constant viscosity ζ0 large with respect to HdS , may change the
value of H0 for which singularity appears, but does not avoid it.
On the other hand, a fluid with ωF < −1 and ζ0 ≫ HdS, makes the singularity unphysi-
cal, since the solution of the EOMs (5.13) with Eq. (5.29) leads to H0 imaginary and the
singularity does not appear.
Viscosity proportional to H
This is the case ζ(H) = 3Hτ . As ζ is assumed to be positive, the constant τ has to be positive.
Eq. (5.14) yields:
ρF = ρ0a
−3(1+ωF) + 27τa−3(1+ωF)
∫ t
dt′a(t′)3ωF a˙(t′)3 . (5.30)
For the Big Rip (β = 0), ρF behaves as:
ρF =
27h30τ
(t0 − t)2(2 + 3h0 + 3h0ωF) , (5.31)
In Einstein’s gravity, from (5.13) with (5.31) we get
H(t) =
2
[9κ2τ − 3(1 + ωF)]
1
(t0 − t) , (5.32)
and realize the Big Rip for H = h0/(t0 − t), where h0 = 2/[9κ2τ − 3(1+ ωF)]. We have that h0 is
positive if [166]:
(1 + ωF)− 3κ2τ < 0 . (5.33)
It means that phantom fluid or fluid in the quintessence region with sufficiently large bulk
viscosity could produce the Big Rip. On the other hand, if (1+ωF)− 3κ2τ > 0, the fluid does not
realize the Big Rip for expanding universe.
The other asymptotic solutions of Eq. (5.14) are:
1) ρF ≃ 9h
2
0τ
(1 + ωF)(t0 − t)2β , β > 1 ; (5.34)
2) ρF ≃ 27τh
3
0
(3β − 1)(t0 − t)3β−1 , 0 < β < 1 ; (5.35)
3) ρF ≃ 27hH
2
0τ
(β − 1)(t0 − t)β−1 +
9H20 τ
1 + ωF
, β < 0 , H0 6= 0 . (5.36)
For β > 1, ρF diverges like H
2 if ωF > −1. Thus, the fluid could asymptotically produce the
Type I singularity and generally does not influence the f(R,G)-gravity producing such kind of
singularity. On the other hand, if ωF < −1, for large values of viscosity τ , the theory is protected
against Type I singularity, since the effective energy density of the universe may become negative.
When 0 < β < 1, since ρF diverges less than H
2, the fluid does not influence the f(R,G)-
singular models on Type III singularity and can be neglected on singular solutions.
When β < 0, the fluid can influence the f(R,G)-models producing Type II and IV singularity
with H0 6= 0, if the viscosity τ is large. In particular, if ωF < −1, the fluid energy density becomes
negative and may avoid Type II and IV singularities.
Examples:
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• The model R − α(G/R), where α is a positive constant, shows the Type I singularity (see
Eq. (4.65)).
A fluid with ωF > −1 and energy density in the form of Eq. (5.34), may influence some feature
of singularity, but the Type I singularity is still realized. In addition, if τ is sufficiently large,
Eq. (5.33) is satisfied and an other possible scenario is the Big Rip solution.
If ωF < −1, large values of τ make negative the effective energy density of the universe on
the Type I singularity, which could be changed into the Big Rip.
• In the model R+α(G/R), where α is a positive constant, the Type II, III and IV singularities
could appear (see Eq. (4.68)). The presence of fluids with ωF < −1 and energy density in
the form of Eq. (5.34) and Eq. (5.35), does not influence the Type III singularity, but could
change the Types II and IV with the Big Rip, like in the previous example.
5.2.2 ω(ρF) not a constant
In this general case, the fluid EoS parameter ω(ρF) explicitly depends on the fluid energy density
ρF. We are interested in some simple case. We consider viscous fluid, whose thermodynamical
parameter ω(ρF) is given by:
ω(ρF) = A0ρ
α−1
F − 1 , (5.37)
where A0(6= 0) and α are constants. When α = 1, we find the case when ω(ρF) is a constant. Let
us suppose the following form of bulk viscosity ζ(H):
ζ(H) = (3H)nτ . (5.38)
Here, τ > 0 and n are constants.
The energy conservation law (5.14) leads:
ρ˙F + 3HA0ρ
α
F = 9H
2(3H)nτ , (5.39)
from which we may get the (asymptotic) solutions of the fluid energy density when H is singular.
In what follows, we consider several examples for τ 6= 0 (viscous case) and τ = 0 (non viscous
case).
Viscous case
Let us take τ positive constant different to zero. For the Big Rip singularity (β = 1), some
simple (asymptotic) solutions of Eq. (5.39) are given by:

ρF =
3n+2hn+20 τ
(n+1+3h0A0)(t0−t)n+1 , α = 1 ;
ρF ≃
(
3n+1hn+10 τ
A0(t0−t)n+1
) 1
α
, α > 1 .
(5.40)
The first expression corresponds to the cases when ω(ρF) is a constant. For n = 0, 1, we find
Eq. (5.22) and Eq. (5.31). When α = 1 and n > 1, the fluid energy density diverges faster than
H2 (∼ (t0− t)−2) and the EOMs become inconsistent on the Big Rip. We can say that fluids with
ω(ρF) constant and bulk viscosity proportional to H
n, where n > 1, avoid the Big Rip. The same
happens in the presence of this kind of viscous fluids with n + 1 > 2α, where α > 1, as in the
second case of (5.40).
For Type I singularities (β > 1), an asymptotic, simple solution of Eq. (5.39) is given by
ρF ≃
(
3n+1hn+10 τ
A0(t0 − t)(n+1)β
) 1
α
, α > 1 . (5.41)
The cases α = 1 and n = 0, 1 correspond to Eq. (5.27) and Eq. (5.34). The fluid avoids the Type
I singularities if 2α < n+ 1 when α > 1, so that its energy density diverges faster than H2 in the
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EOMs. It means that, if the viscosity behaves as a power function of H larger than one, the fluid
with ω(ρF) constant is able to protect the theory against the Big Rip and Type I singularities
together.
Note that the viscosity is introduced in the EOMs by the fluid pressure of Eq. (5.9). On the
Big Rip and Type I singularities, the curvature R behaves as H2. Motivated by fact that the
correction term γRm, with γ constant and m > 1, cures Big Rip and Type I singularities in
f(R,G) gravity (see Chapter 3), we may directly conclude that the term −3Hζ(H) proportional
to H1+n, with n > 1, shows the same effect, like we have just verified.
For Type III singularities (0 < β < 1), an asymptotic solution of Eq. (5.39) is
ρF ≃ 3
n+2hn+20 τ
(2β + nβ − 1)(t0 − t)2β+nβ−1 , 1/2 < α 6 1 . (5.42)
The cases α = 1 and n = 0, 1 correspond to Eq. (5.28) and Eq. (5.35). The fluid energy
density diverges faster than H2 when n > 1/β. In principle, if a f(R,G)-theory shows the Type
III singularity for a certain value of β, the presence of a fluid with viscosity proportional to Hn,
where n > 1/β (and, as a consequence, always n > 1), can make inconsistent the EOMs and avoid
this kind of singularity. Otherwise, it could appear a new Type III singularity realized by fluid
for H(t) = h0/(t0 − t)1/n, so that ρF ∼ H2, solving in some cases the EOMs (5.13). We will see a
nice example in the end of the Section.
For Type II and IV singularities (β < 0), if H0 6= 0, an asymptotic solution of Eq. (5.39) reads
ρF ≃ 3
n+2Hn+10 h0τ
(β − 1)(t0 − t)β−1 +
(
3n+1Hn+10 τ
A0
)α
, α > 1 . (5.43)
The cases α = 1 and n = 0, 1 correspond to Eq. (5.29) and Eq. (5.36). In general, this kind of
fluid influences the feature of Type II and IV singularities in f(R,G)-gravity, but not necessarily
avoids they.
Non viscous case
If the viscosity is equal to zero, i.e. τ = 0, Eq. (5.39) yields
ρF =
[
(α− 1)
(
3A0 ln
a(t)
a0
)] 1
1−α
, (5.44)
where a(t) is, as usual, the scale factor, a0 is a positive parameter and α 6= 1 (non perfect fluid).
We may take A0(α− 1) positive, so that, in general, ρF is also positive. In addition, we set
ρF =
H20
κ2
[
ln
a(t)
a0
] 1
1−α
, H20 = κ
2[3A0(α − 1)] 11−α . (5.45)
In Einstein’s gravity (ρMG = 0), the first EOM of (5.13) reads
a(t) = (a0)Exp

6 2−2α2α−1
[
± (2α− 1)(
√
3H0t)
α− 1
]2(α−1)/(2α−1)
 . (5.46)
Note that for large values of α, the fluid energy density tends to H20/κ
2, and Eq. (5.37) leads to
ω(ρF) ≃ −1 and a(t) ≃ a0eH0t/3 (de Sitter universe).
Moreover, one can see that Eq. (5.46) produces the following form of Hubble parameter,
H(t) =
h0
(t0 − t)
1
(2α−1)
, h0 > 0 . (5.47)
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In principle, this inhomogeneous non viscous fluid can generate any type of singularity with
β = 1/(2α − 1) , α 6= 1 (except the Big Rip, for which one has to consider the perfect fluid
case).
We conclude with a special non-viscous fluid with ω(ρF) non-constant, namely the Chaplygin
gas [169], which also has been studied as a candidate for dark energy in many works and whose
Equation of State reads
pF = −A0
ρF
, (5.48)
where A0 is a positive constant. Eq. (5.14) leads to
ρF =
√
A0 +
1
a(t)6
. (5.49)
Since a(t) diverges or tends to a constant for Big Rip, Type I and Type III singularities, it is easy
to see that the Chaplygin gas does not influence in the EOMs (5.13) the asymptotic behaviour
of f(R,G)-models where such kind of singularities appear. It only may influence f(R,G)-models
where Type II and IV singularities are realized, but not necessarily prevents the singularities.
Example:
• In the model R + αR1/2, with α positive constant, the Type III singularity for β = 1/3
can appear (see Eq. (4.69)). A fluid with ω(ρF) constant and energy density in ther form
of Eq. (5.42), where n > 3, avoids this kind of singularity. It is also interesting to see that
in such a case, since if β = 1/n, ρMG of (5.12) diverges faster than H
2 in the first EOM
of (5.13), the fluid does not produce a new Type III singularity, due to the contribute of
modified gravity. Moreover, the model is free of any type of singularity, being the theory
protected against singularities of f(R)-gravity by fluid and against fluid singularities by
modified gravity itself.
5.3 Viscous fluids coupled with Dark Matter
In this Section, we consider viscous fluid coupled with dark matter [170] . Their energy conser-
vation laws are given by:
ρ˙F + 3H(ρF + pF) = −Q0ρF , (5.50)
ρ˙DM + 3HρDM = Q0ρF . (5.51)
Here, Q0 is the coupling constant, ρDM is the energy density of dark matter (the corresponding
pressure is equal to zero), whereas ρF and pF are, as usually, the energy density and pressure of
viscous fluid. The fluid pressure pF is written as in Eq. (5.9).
The equations of motion simply read
ρF + ρDM =
3
κ2
H2 , pF = − 1
κ2
(
2H˙ + 3H2
)
. (5.52)
We will motivate this study by showing how this coupling may solve the coincidence problem and
remove singular solutions of DE-fluids.
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5.3.1 ω(ρF) constant
Suppose to have ω(ρF) = ωF constant for the fluid and bulk viscosity in the form of Eq. (5.38),
namely ζ(H) = τ(3H)n, τ > 0 and n being constants. In this case, the general solution of
Eq. (5.50) is
ρF = ρF(0)
e−Q0t−3ωF log a(t)
a(t)3
+
τ32+ne−Q0t−3ωF log a(t)
a(t)3
∫ t
eQ0t
′+3ωF log a(t′)a(t′)a˙(t′)2
(
a˙(t′)
a(t′)
)n
dt′ ,
(5.53)
where ρF(0) is a positive constant of integration.
One possible solution is the de Sitter space, where H = HdS is a constant. One may identify
the Hubble parameter HdS with the present value of accelerated universe. In this case, Eq. (5.53)
can be solved as
ρF = ρF(0)e
−t(Q0+3HdS(1+ωF)) +
(3HdS)
n+2τ
(Q0 + 3HdS(1 + ωF))
. (5.54)
It follows the solution of Eq. (5.51) for dark matter
ρDM = ρDM(0)e
−3HdSt − ρF (0)
Q0
Q0 + 3HdSωF
e−t(Q0+3HdS(1+ωF)) +
(3HdS)
n+1Q0τ
(Q0 + 3HdS(1 + ωF))
, (5.55)
where ρDM(0) is a positive constant. It is easy to see that, if τ 6= 0, the EOMs (5.52) are satisfied
only if ρF(0) = ρDM(0) = 0. Therefore, we note that, if the de Sitter solution is an attractor and it
is able to describe our universe today, we can require
ρDM
ρF
=
Q0
3HdS
=
1
3
, (5.56)
and the coincidence problem is solved by setting
Q0 = HdS . (5.57)
The ratio of DM and fluid is approximately 1/3, almost independent from initial conditions. By
evaluating the second EOM of (5.52) on the de Sitter solution, one has the relation between ωF
and τ , namely
ωF = −4
3
+ 4κ2(3HdS)
n−1τ . (5.58)
Here, Eq. (5.57) has been used. Note that ρF of Eq. (5.54) results to be positive. For example, a
DE-fluid with ωF = −1 admits the de Sitter solution for H = HdS if its bulk viscosity is given by
ζ(H) =
(3H)n
12κ2(3HdS)n−1
,
and the coupling constant with DM is Q0 = HdS. We stress that, if from one side with the coupling
between dark matter and viscous fluid we can solve the coincidence problem, on the other side the
energy density of dark matter in accelearted universe does not follow the usual law ρDM ∼ a(t)−3.
This is a generalization of the result achieved in Ref. [171] for coupled non viscous DE-fluid
with DM. If τ = 0, it is easy to see that Eqs. (5.54)–(5.55) are de Sitter solutions of the EOMs if
Q0 = −3(1 + ωF)HdS and ρDM(0) = 0, so that the coincidence problem is solved by putting
ρDM
ρF
= −(1 + ωF) ∼ 1
3
, (5.59)
which leads to the condition of phantom fluid
ωF = −4
3
. (5.60)
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Let us return to the case of τ 6= 0. In order to investigate if the de Sitter solution is an attractor
or not, we consider the perturbation as
H(t) = HdS +∆(t) . (5.61)
Here, ∆(t) is a function of the cosmic time t and it is assumed to be small. The second EOM of
(5.52) gives
2∆˙(t) + 6HdS∆(t) ≃ 3HdS(n+ 1)∆(t) , (5.62)
where we have used Eq. (5.54) and Eq. (5.58). By assuming ∆(t) = eλt, we find
λ+ 3HdS − 3
2
HdS(n+ 1) ≃ 0 , (5.63)
that is
λ ≃ 3
2
HdS(n− 1) . (5.64)
Then, if n < 1, the de Sitter solution is stable and the coupling of viscous fluid and dark matter
at last generates a stable accelerated universe with a constant rate of DM and DE-fluid. If n > 1,
the de Sitter solution is not stable and other future scenarios are possible.
We have seen in §5.2 that phantom (viscous) fluid (ωF < −1) can generate the Big Rip
singularity. On the other hand, the coupling with DM seems to avoid such scenario, being constant
the value of fluid energy density in stable de Sitter universe.
5.3.2 ω(ρF) not a constant
To complete this Section, let us consider a more general case, when the thermodynamical pa-
rameter ω(ρF) of viscous fluid is not a constant. A simple example is given by Eq. (5.37), namely
ω(ρF) =
[
A0ρ
α−1
F − 1
]
, A0 and α being constant parameters. The energy conservation law (5.50)
of viscous fluid becomes
ρ˙F + 3HA0ρ
α
F +Q0ρF = 9H
2(3H)nτ . (5.65)
Here, we suppose the bulk viscosity proportional to Hn, namely ζ(H) = τ(3H)n as in Eq. (5.38),
τ > 0 and n being constants. If we assume α≫ 1, on the de Sitter solution H = HdS, we obtain
ρF ≃
(
τ(3HdS)
n+1
A0
) 1
α
. (5.66)
By using Eq. (5.51), the energy density of dark matter reads
ρDM ≃ Q0
3HdS
ρF , (5.67)
and in order to solve the coincidence problem we have to require Q0 = HdS.
From the EOMs (5.52), by assuming that the fluid drives the accelerated expansion of the
universe, it follows
A0 ≃ τ(3HdS)n+1
(
κ2
3H2dS
)α
, (5.68)
and for ω(ρF) in the de Sitter space one has
ω(ρF) ≃ −1 + 3(3HdS)n−1κ2τ , (5.69)
being ρF constant.
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In order to investigate if the de Sitter solution is an attractor or not, we consider the pertur-
bation as in Eq. (5.61). Thus, the second EOM gives
2∆˙(t) + 6HdS∆(t) ≃ HdS
(
n+ 1
α
)
∆(t) , (5.70)
where we have used Eq. (5.66) and Eq. (5.68). By assuming ∆(t) = eλt, we find
λ+ 3HdS − 1
2
HdS
(
n+ 1
α
)
≃ 0 , (5.71)
that is
λ ≃ HdS
(
1
2
(
n+ 1
α
)
− 3
)
. (5.72)
Then, if (n+ 1)/α < 6, the de Sitter solution is stable.
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Chapter 6
Exponential F (R)-gravity models:
unified theories for inflation and
current acceleration
Here, we review viable conditions of realistic F (R)-gravity able to reproduce the universe where
we live. A suitable modification to Einstein’s gravity is given by the class of models F (R) =
R+ f(R), where the function f(R) plays the role of an effective dark energy fluid. The final goal
of modified gravity is to unify the early time with the late time cosmic acceleration. In this sense,
exponential gravity models represent an interesting proposal.
6.1 Viability conditions in F (R)-gravity
In this and in the next Chapter we will concentrate on F (R)-modified gravity, whose action
is given by Eq. (2.24). The viability conditions [172] follow from the fact that the theory has
to be consistent with the results of General Relativity and with the important goals arisen with
ΛCDM Model, whose Lagrangian is given by R− 2Λ, Λ being the Cosmological Constant, in the
description of the universe and the Solar System.
If R = 0 it is reasonable to recover the Special Relativity and the condition F (0) = 0 permits
to obtain the Minkowski’s solution of flat space. Furthermore, recall that, in order to avoid anti-
gravity effects, it is required that F ′(R) > 0, namely the positivity of the effective gravitational
coupling Geff , where Geff = GN/F
′(R), at least when R assumes the curvature values of present
and past universe (in general, when R ≥ 4Λ).
6.1.1 Existence of a matter era and stability of cosmological perturba-
tions
On the critical points of the theory, one has F˙ ′(R) = 0 (see Eq. (2.29)). In particular, during
matter era, modified gravity has to vanish, so that ρeff = ρm and peff = pm = 0 in Eqs. (2.14)–
(2.15), and the Ricci scalar (2.8) turns out to be R = 3H2. As a consequence, from Eqs. (2.18)–
(2.19) we obtain the conditions on critical point of matter era [173]:
RF ′(R)
F (R)
= 1 , F ′(R) = 1 . (6.1)
In order to reproduce the results of the Standard Model, where R = κ2ρm when matter drives the
cosmological expansion, a F (R)-theory is acceptable if the modified gravity contribution vanishes
during this era and F ′(R) ≃ 1. However, another condition is required on the second derivative
of F (R): it has to be positive [174, 175]. This last condition arises from the stability of the
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cosmological perturbations. If we consider a small region of space-time in the weak-field regime,
so that the curvature is approximated by R = R(0) + δR, were R(0) = −κ2T (matter) is the matter
solution, we get Eq. (2.32). By using Eq. (2.30), it is easy to see that, since F ′(R) > 0, the solution
is stable when
F ′′(R) > 0 , (6.2)
during matter era. However, a more detailed investigation on dark energy perturbations during
this epoch will be carried out in Chapter 7.
6.1.2 Existence and stability of a late-time de Sitter point
A reasonable theory of modified gravity which reproduces the current acceleration of the universe
needs to show an accelerating solution for RdS = 4Λ, Λ being the Cosmological Constant and
typically Λ ≃ 10−66eV2. In principle, it is sufficient to require that the EoS parameter ωeff in
Eq. (2.23) is smaller than −1/3, but all the cosmological data confirm that its value is actually very
close to −1. The possibility of the effective quintessence/phantom dark energy and different future
scenarios of the universe evolution, such as the so-called ‘Little Rip cosmology’ [176, 177, 178] (for
observational bounds and viable models of Little Rip cosmology see Ref. [179, 180, 181]), are
not exluded, but we have seen in Chapter 4 that the presence of singularities in the framework
of modify gravity can destroy the feasibility of the models. As a consequence, the most realistic
solution for our current universe in modified gravity is an (asymptotically) stable de Sitter solution
given by Eq. (2.31) under condition (2.36).
6.1.3 Newton Law and the stability on a planet’s surface
The results of GR were first confirmed by local tests at the level of the Solar System. A
theory of modified gravity has to admit a static spherically symmetric solution of the type of the
Schwarzshild solution (2.59) or, more in general, the Schwarzshild-de Sitter solution (2.60) with Λ
very small. The typical value of the curvature in the Solar System far from sources isR = R∗, where
R∗ ≃ 10−61eV2 (it corresponds to one hydrogen atom per cubic centimeter). If a Scwarzshild-de
Sitter solution exists, it will be stable provided by Eq. (2.36) evaluated on RdS = R
∗. The stability
of the solution is necessary in order to find the post-Newtonian parameters in GR [182]. As regard
this point, we recall that some (realistic) models of F (R)-gravity may lead to significant Newton
law corrections at large cosmological scales [183]. From the trace of the field equations (2.26), by
performing a variation with respect to R = R0 + δR, where R0 is the constant background such
that 2F (R0)−R0F ′(R0) = 0, and supposing the presence of a matter point source (like a planet),
that is, T (matter) = T0 δ(x), where δ(x) is the Dirac’s distribution, we find, to first order in δR,
(
−m2) δR = κ2
3F ′′(R0)
T0δ(x) , m
2 =
1
3
(
F ′(R0)
F ′′(R0)
−R0
)
. (6.3)
The solution is given by
δR =
κ2
3F ′′(R0)
T0G(m
2, |x|) , (−m2)G(m2, |x|) = δ(x) . (6.4)
Here, G(m2, |x|) is the correlation function which satisfies the last equation on the right. Hence, if
m2 < 0, there appears a tachyon and thus there could be some instability. Even if m2 > 0, when
m2 is small compared with R0, δR 6= 0 at long ranges, which generates the large correction to
the Newton Law. For this reason, we must require the stability condition (2.36) for gravitational
systems like Solar System.
Concerning the matter instability [183], this might also occur when the curvature is rather
large, as on a planet (R ≃ 10−38eV2), as compared with the average curvature of the universe
today (R ≃ 10−66eV2). In order to arrive to a stability condition, we can start from Eq. (2.32),
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where R(0) = Rb is the curvature of the planet surface and δR is a perturbation due to the
difference of the curvature between the internal and the external solution. We assume that the
curvature Rb = −κ2T (matter) depends on the radial coordinate r of the planet. Since we are
interested in the change of the perturbation δR in the time, we get
− ∂2t (δR) ∼ U(Rb)δR , (6.5)
where
U(Rb) =
[(
F ′′′(Rb)
F ′′(Rb)
)2
− F
′′′(Rb)
F ′′(Rb)
]
grr∇rRb∇rRb − Rb
3
+
F ′(Rb)
3F ′′(Rb)
F ′′′(Rb)
3(F ′′(Rb))2
(2F (Rb)−RbF ′(Rb)−Rb) . (6.6)
Here, gµν is the diagonal metric which describes the planet. If U(Rb) is negative, then the per-
turbation δR grows up and the system becomes unstable. Thus, the planet stability condition
reads
U(Rb) > 0 . (6.7)
This expression has to be evaluated for typical values of Rb ≃ 10−38eV2.
6.1.4 Existence of an early-time acceleration and future singularities
In order to reproduce the early-time acceleration of our universe, namely the inflation epoch,
the modified gravity models have to admit a solution for ωeff in (2.23) smaller than −1/3. An
important point is that this solution should be unstable. For example, if the model admits the
de Sitter solution when RdS ≃ 1020−38GeV2 (this is the typical curvature value at inflation), we
have to require the violation of condition (2.36). In principle, other scenarios for the very early
universe are possible instead the standard cosmic inflation, such as the ekpyrotic one [184, 185],
which also accommodates the physics of the Big Bang.
We have seen in Chapter 4 and in Chapter 5 that many DE-models, including modified gravity,
bring the future universe evolution to a finite-time singularity. The presence of a finite-time future
singularity may cause serious problems to the cosmological evolution or to the corresponding black
hole and stellar astrophysics. Thus, it is always necessary to avoid such scenario in realistic models
of modified gravity. It is remarkable that modified gravity actually provides a very natural way
to cure such singularities by adding, for instance, higher-power term of R (see § 4.5.1) in the
framework of modified gravity. Simultaneously with the removal of any possible future singularity,
the addition of this term supports the early-time inflation caused by modified gravity (it may be the
case of R2-term, which protects the theory against singularities and could produce inflation [13]).
Remarkably, even in the case inflation were not an element of the alternative gravity dark energy
model considered, it eventually occurs after adding such higher-power term. Hence, the removal
of future singularities is a natural prescription for the unified description of inflation and current
acceleration.
6.2 Unified description of early- and late-time acceleration
In Refs. [150, 151, 186] several versions of viable modified F (R)-gravity have been proposed,
namely so-called ‘one-step’ models, which reproduce the current acceleration of the universe. In
these models, a correction term to the Hilbert-Einstein action is added as F (R) = R + f(R), so
that the dark energy epoch can be reproduced in a simple and intuitive way. Namely, a vanishing
(or fast decreasing) cosmological constant in the flat limit of R→ 0 is incorporated, and a suitable,
constant asymptotic behavior for large values of R is exhibited. These models can be collected in
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Figure 6.1: Typical behavior of f(R)-gravity for dark energy epoch.
the following class of F (R)-gravity toy models [187]:
F (R) = R + f(R) ,
f(R) = −2Λ θ(R−R0) . (6.8)
Here, θ(R − R0) is Heaviside’s step distribution and Λ is the Cosmological Constant. Models in
this class are characterized by the existence of one transition scalar curvature R0. For R = 0,
f(0) = 0 and we recover the limit of Special Relativity. When R ≫ R0, f(R) ≃ −2Λ and we
mimic the ΛCDM Model.
These models contain a sort of ‘switching on’ of the Cosmological Constant as a function of
the scalar curvature R. The simplest version of this kind reads
f(R) = −2Λ(1− e− RR0 ) , (6.9)
where the transition appears around R0.
Moreover, models in the form of Eq. (6.8) may be combined in a natural way, if one is also
interested in the phenomenological description of the inflationary epoch. For example, a ‘two-
steps’ model may be the smooth version of
F (R) = R + f(R) ,
f(R) = −2Λ θ(R−R0) − Λi θ(R−Ri) . (6.10)
Here, Ri is the transition scalar curvature at inflationary scale, and Λi is a suitable Cosmological
Constant producing the acceleration of inflation, when R≫ Ri. Thus, the effective Cosmological
Constant Λeff at inflation results to be
Λeff = Λ+ Λi/2 . (6.11)
The typical behavior of f(R) associated with (6.8) and (6.10) models is given in Fig. 6.1 and
Fig. 6.2, respectively. The main problem which may affect these sharp models is the appearance
of possible antigravity regime around the transition between the inflation and the ΛCDM region
and antigravity in a past epoch, what is not phenomenologically acceptable. Furthermore, adding
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Figure 6.2: Typical behavior of f(R)-gravity for inflation and dark energy epoch.
some terms would be necessary in order for inflation to end. The exponential gravity seems to
give a viable possibility to unify early- and late-time acceleration as in Eq. (6.10) and in § 6.4 we
will study two applications of it to achieve such unified description.
We conclude this Section by showing other two (more complicate) exponential models which
can be used to reproduce the Cosmological Constant at high curvatures, namely
f2(R) = 2Λ
(
1 + e−βR0
1 + e−β(R0−R)
− 1
)
, (6.12)
f3(R) = −2Λ
[
tanh
(
β
2
(R−R0)
)
+ tanh
(
β
2
R0
)]
= −2Λ
(
eβ(R−R0) − 1
eβ(R−R0) + 1
+
eβR0 − 1
eβR0 + 1
)
. (6.13)
Here, β is a positive parameter which regulates the amplitude of the transition between the region
R < R0 and the region R0 < R. The advantage of this models is given by the possibility to pass
in an analytical way to the scalar tensor framework [187].
6.3 Realistic exponential gravity
Let us start by analyzing the exponential model of Eq. (6.9) for dark energy epoch
F (R) = R− 2Λ
(
1− e−R/R0
)
, (6.14)
where the curvature parameter R0 is on the same order of the Cosmological Constant, R0 ∼ Λ(≃
80
10−66eV2). In flat space F (0) = 0 and one recovers the Minkowski’s solution. For R ≫ R0,
F (R) ≃ R− 2Λ, and the theory mimics the ΛCDM Model. Then, we have:
F ′(R) = 1− 2 Λ
R0
e−R/R0 , F ′′(R) = 2
Λ
R20
e−R/R0 . (6.15)
It is remarkable that exponential model in Eq. (6.14) corresponds to a polynomial modification of
gravity without a true cosmological constant. One can write
F (R) = R + 2Λ
+∞∑
k=1
(−1)k
k!
(
R
R0
)k
, (6.16)
and modified gravity can be viewed as a correction to the Einstein’s gravity given by a sum of
power terms which become relevant at different scales of energy.
Since F ′(R ≫ R0) > 0, the model is protected against anti-gravity during the cosmological
evolution until the de Sitter solution (RdS = 4Λ) of today’s universe is reached. For large values
of the curvature, F (R≫ R0) ≃ R and we can reconstruct the matter-dominated era as in GR. In
particular, F ′′(R) > 0, and we do not have any instability problems related to the matter epoch,
obtaining matter stability on a planet’s surface of Eq. (6.7), where U(Rb) ∼ 1/[3F ′′(Rb)], and at
the Solar System scale.
In order to study the de Sitter era, it is convenient to introduce the following function,
G(R) = 2F (R)−RF ′(R) , (6.17)
whose zeros correspond to the de Sitter solutions for accelerated expansion (see Eq. (2.31)). In
our case, since G(0) = 0, we immediatly get the trivial de Sitter/Minkowski solution at R = 0.
Consider now
G′(R) = F ′(R)−RF ′′(R) . (6.18)
If G′(0) > 0, the function G(R) becomes positive and it is quite simple to see that any non-trivial
zero (i.e. de Sitter solution) exists. In order to obtain the de Sitter solution describing universe
today, we must require
R0 < 2Λ , G
′(0) < 0 , (6.19)
so that G(R) becomes negative and starts to increase after R = R0. For R = 4Λ, F (R) ≃ R− 2Λ,
F ′(R) ≃ 1 and F ′′(R) ≃ 0+. It means that G(4Λ) ≃ 0 and we get the de Sitter solution of dark
energy epoch. Then, G(R > 4Λ) ≃ R is positive and we do not find other de Sitter solutions.
Note that dark energy epoch is stable, since stability condition (2.36) leads to
(
R0
Λ
)2
e
(
4Λ
R0
)
2
−
(
R0
Λ
)
> 4 . (6.20)
This condition always is satisfied and G′(4Λ) > 0. On the other hand, as a consequence of (6.19)
which leads to G′(0) < 0, the Minkowski space is unstable, but it is not a problem in respect of the
viable representation of the universe. In Fig. 6.3 the graphic of G(R/Λ) for the case R0 = 0.6Λ is
shown. Summing up, we have two FRW-vacuum solutions, which correspond to the Minkowski’s
space at R = 0 and to the stable de Sitter point at R = 4Λ.
Finally, we have to consider the existence of spherically symmetric solutions. At R = 0 we
get the Schwarzschild solution, which is an unstable solution. On the other hand, the physical
Schwarzschild-de Sitter solution, which also describes our Solar System, is obtained at R ≫ R0.
For example, at R∗ ≃ 10−61eV2, F (R∗) ≃ R∗−2Λ, being R∗ ≫ R0(∼ Λ). Thus, stability condition
(2.36) is verified for R = R∗, and the solution results stable without leading to any significant
modification to the Newton Law.
The description of the cosmological evolution in exponential gravity has been carefully studied
in Refs. [188, 189, 190, 191], where it has been explicitly demonstrated that the late-time cosmic
acceleration following the matter-dominated stage, as final attractor of the universe, can indeed
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Figure 6.3: Plot of G(R/Λ) of exponential model for R0 = 0.6Λ. The “zeros” of these graphics
indicate the de Sitter solutions of the model.
be realized. By carefully fitting the value of R0, the correct rate between matter and dark energy
of the current universe follows. We will analyze the dynamic of exponential models in Chapter
7. Here, we mention that in Ref. [192], the gravitational waves in viable F (R) models have been
studied, and that the observational constraints on exponential gravity have also been examined in
Ref. [193]. As our next step, we want to generalize the model in order to describe inflation.
6.4 Exponential gravity to describe the inflation
A simple modification of the ‘one-step’ model which incorporates the inflationary era is given by
a combination of the function discussed in the previous Section with another ‘one-step’ function
reproducing the cosmological constant during inflation, as in Eq. (6.10).
Following the first proposal of Ref. [190], we start with the following model,
F (R) = R− 2Λ
(
1− e− RR0
)
− Λi
[
1− e−
(
R
Ri
)n]
+ γ¯
(
1
R˜α−1i
)
Rα . (6.21)
Here, Ri and Λi assume the typical values of the curvature and expected cosmological constant
during inflation, namely Ri, Λi(≃ 10100−120Λ) ∼ 1020−38eV2 (note that, since Λ≪ Λi, Eq. (6.11)
leads to Λeff ≃ Λi/2), while n is a natural number larger than one. In this equation, the last term
γ¯(1/R˜α−1i )R
α, where γ¯ is a positive dimensional constant and α is a real number, works at the
inflation scale R˜i, and is actually necessary in order to realize an exit from inflation.
We also introduce another nice inflation model based on the good behavior of exponential
function described as [194]
F (R) = R− 2Λ
(
1− e− RR0
)
− Λi
sin
(
π e
−
(
R
Ri
)n)
π e
−
(
R
Ri
)n + γ¯
(
1
R˜α−1i
)
Rα . (6.22)
Here, the parameters have the same roles of the corresponding ones in the model in Eq. (6.21).
We note that the second term of the model vanishes when R≪ Ri and tends to Λi when Ri ≪ R.
We analyze these models, i.e., Model I in Eq. (6.21) and Model II in Eq. (6.22), and explore the
possibilities to reproduce the phenomenologically acceptable inflation.
6.4.1 Inflation in Model I
First, we investigate the model in Eq. (6.21). For simplicity, we describe a part of it as
fi(R) ≡ −Λi
(
1− e−
(
R
Ri
)n)
+ γ¯
(
1
R˜α−1i
)
Rα , fi(0) = 0 . (6.23)
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We note that, if n > 1 and α > 1, we avoid the effects of inflation during the matter era, when
R≪ Ri , R˜i, due to the fact that
R≫ |fi(R)| ≃
∣∣∣∣∣− R
n
Rn−1i
+ γ¯
Rα
R˜α−1i
∣∣∣∣∣ , R≪ Ri , R˜i . (6.24)
We also find
f ′i (R) = −
ΛinR
n−1
Rni
e
−
(
R
Ri
)n
+ γ¯α
(
R
R˜i
)α−1
,
f ′′i (R) =
[
−Λin(n− 1)R
n−2
Rni
+ Λi
(
nRn−1
Rni
)2]
e
−
(
R
Ri
)n
+ γ¯α(α − 1)R
α−2
R˜α−1i
. (6.25)
Since when R = Ri [(n− 1)/n]1/n the negative term of f ′i (R) has a minimum, in order to avoid
the anti-gravity effects, it means, in order to have |f ′i (R)| < 1, it is sufficient to require
Ri > Λin
(
n− 1
n
)n−1
n
e−
n−1
n . (6.26)
It is necessary for the modification of gravity describing inflation not to have any influence on the
stability of the matter dominated era in the small curvature limit. When R≪ Ri , R˜i, the second
derivative of f ′′i (R), given by
f ′′i (R) ≃
1
R
[
−n(n− 1)
(
R
Ri
)n−1
+ γ¯α(α − 1)
(
R
R˜i
)α−1]
, R≪ Ri , R˜i , (6.27)
must be positive, that is,
n > α . (6.28)
Now we require the existence of the de Sitter critical point RdS which describes early time accel-
eration at the scale of inflation, when
fi(RdS) ≃ −Λi + γ¯
(
1
R˜α−1i
)
Rα , f ′i (RdS) ≃ γ¯ α
(
R
R˜i
)α−1
,
f ′′i (RdS) ≃ γ¯ α(α− 1)
(
1
R˜α−1i
)
Rα−2 ,
(
RdS
Ri
)n
≫ 1 . (6.29)
In this region, the role of the first term in Eq. (6.21) is negligible. For simplicity, we shall assume
that
R˜i = RdS . (6.30)
The function G(R) of Eq. (6.17) now reads
G(R) ≃ R− 2Λi + γ¯ (2− α)
Rα−1dS
Rα + Λin
(
R
Ri
)n
e
−
(
R
Ri
)n
, (6.31)
and has to vanish on the de Sitter solution of the inflation, when the exponential term can be
dropped out. As a consequence, we get
RdS =
2Λi
γ¯(2 − α) + 1 ,
(
RdS
Ri
)n
≫ 1 . (6.32)
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The last two conditions have to be satisfied simultaneously. By using Eq. (6.26), we also acquire
2
γ¯(2− α) + 1 > n
(
n− 1
n
)n−1
n
e−
n−1
n . (6.33)
In order to check the instability of the inflation, we must violate condition (2.36) on the de Sitter
solution, which leads to
α γ¯(α− 2) > 1 , (6.34)
for our model. From Eqs. (6.33)(6.34), we observe
2 + 1/γ¯ > α > 2 . (6.35)
Let us have a look on the evolution of the function G(R) in Eq. (6.31) as we did in the previous
Section for dark energy sector. When R = 0, we find the Minkowski solution and G(0) = 0. For
the first derivative of G(R), one has
G′(R) ≃ 1 + γ¯α(2 − α)R
α−1
Rα−1dS
+ Λi
[
n(n− 1)Rn−1
Rni
−
(
nR2n−1
R2ni
)
− nR
n−1
Rni
]
e
−
(
R
Ri
)n
. (6.36)
Since G′(0) > 0, G(R) increases. Then, due to the fact that the term in the square brackets starts
being negative for R > Ri[(n − 1)n]1/n, and 0 > (2 − α), it is easy to see that G(R) begins to
decrease at around R = Ri and vanishes at R = RdS. After this point, G
′(R > RdS) < 0 and we
do not recover other de Sitter solutions. On the other hand, it is possible to have a fluctuation of
G(R) along the R-axis just before the de Sitter point describing inflation takes over. In order to
avoid other de Sitter solutions (i.e., possible final attractors for the system), we need to verify the
fulfillment of the following condition:
G(R) > 0 , 0 < R < RdS . (6.37)
Precise analysis of this condition leads to a transcendental equation. Below, we will limit ourselves
to a graphical evaluation. In general, it will be sufficient to choose n sufficiently large in order to
avoid such effects.
After the analysis carried out in the first part of this Subsection, we finally propose some viable
choices of the parameters for Model I (6.21). Here, we summarize the conditions for inflation
already stated:
Ri > Λin
(
n− 1
n
)n−1
n
e−
n−1
n , (no antigravity effects);
R˜i = RdS , αγ¯(α− 2) > 1 ,
(
RdS
Ri
)n
≫ 1 , (existence of unstable dS solution).
In this expressions, n > 1, 2 + 1/γ¯ > α > 2 and RdS = 2Λi/ [γ¯(2− α) + 1]. Since γ¯ and α are
combined in γ¯(α − 2), we can fix γ¯ = 1, so that RdS = 2Λi/(3 − α) and 3 > α > 2. Hence,
in order to reproduce and study the phenomenology of (different) realistic inflationary scenarios,
one may examine the effects of the variation of α parameter (and, as a consequence, that of R˜i).
Thus, a reasonable choice is to take n = 4 and Ri = 2Λi, which satisfy the condition for no
antigravity well. In Chapter 7 we will analyze three different cases of α = 5/2, 8/3, and 11/4.
In these cases, we have RdS = 4Λi, 6Λi, and 8Λi, respectively. For the sake of completeness, in
Fig. 6.4 we plot the cosmological evolution of G(R/Λi) in the three cases and with R0 = 0.6Λ
(Λ is taken as Λ = 10−100Λi). The “zeros” of G(R/Λi) correspond to the de Sitter points of the
model. We can recognize the unstable de Sitter solutions of inflation and the attractor in zero
(the de Sitter point of current acceleration is obviously out of scale). The system gives rise to
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the de Sitter solution where the universe expands in an accelerating way but, suddenly, it exits
from inflation and tends towards the minimal attractor at R = 0, unless the theory develops a
singularity solution for R → +∞. In such a case, the model could exit from inflation and move
in the wrong direction, where the curvature would grow up and diverge, and a singularity would
appear. In § 6.5 singularities will be considered in the context of exponential gravity. We will see
that the theory is free of such future-time singularities.
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Figure 6.4: Plot of G(R/Λi) for Model I with α = 5/2 (a), α = 8/3 (b) and α = 11/4 (c). The
“zeros” of these graphics indicate the de Sitter solutions of the model.
6.4.2 Inflation in Model II
Next, we study the inflation model in Eq. (6.22). By performing a similar analysis to that in
the previous Subsection, we find that also in this case, if α > 1 and n > 1, we avoid the effects
of inflation at small curvatures and it does not influence the stability of the matter dominated
era. The de Sitter point exists if R˜i = RdS and it reads as in Eq. (6.32) under the condition
(R/Ri)
n ≫ 1. Thus, the inflation is unstable if the condition in Eq. (6.34) is satisfied. The bigger
difference between the two models exists in those behaviors in the transition phase between the
small curvature region (where the physics of the ΛCDM Model emerges) and the high curvature
region. This means that the no antigravity condition is different in the two models and such a
condition becomes more critical in the transition region. Therefore, we are able to make different
choices of parameters in the two models. In the specific, in order to satisfy the condition for no
antigravity we may choose n = 3 and Ri = 2Λi. Then, we can take γ¯ = 1 as in the Model I
and analyze the cases α = 5/2 , 13/5 , 21/8, for which we will execute the numerical evaluation in
Chapter 7. The corresponding de Sitter curvatures of inflation are RdS = 4Λi , 5Λi , 16Λi/3.
We note that since dark energy sector of the above models only originates from the first part
of (6.21)–(6.22), all qualitative results in terms of the behavior of the dark energy component in
exponential gravity found in § 6.3 remain to be valid.
6.5 Singularities in exponential gravity
In § 4.5.1 we have seen that the terms of the type γRα with α > 1 protect the theory against
singularities occurring when R→ ±∞, it means Type I, II, III singularities, and the Big Rip. As a
consequence, our models in Eqs. (6.21)–(6.22) are free of catastrophic divergences in the curvature,
due to the contribution of the last power term necessary to exit from inflation. A remark is in
order. Since in ‘one-step’ models for large values of curvature the high derivatives of F (R) tend to
zero, it is easy to see that effective energy density never diverges, and the Big Rip and the Type I
and III singularities are not realized. Nevertheless, the Type II singularity may affect this kind of
models. For example, in § 4.4.1, we explicit found the possibility to realize the Type II singularity
in the Hu-Sawiki Model. This fact suggests the presence of high power terms of the curvature,
which prevents such singularity and induces also inflationary effects.
In the next Section we will see that, in the very asymptotic limit R ≫ Ri, our models may
exhibit a (disconnected) singularity. Since the de Sitter solution of inflation is unstable, we can
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ask if the models could move toward such extreme limit. We will provide an argument to exclude
this possibility.
Thus, we have found that our theories are free from singularities where curvature diverges. In
particular, when we are in the region of inflation, catastrophic Types I, II or III singularities do
not occur. When inflation ends, it is reasonable to suppose that the models move to the attractors
at R → 0. In this way, the small curvature regime arises, the first term of Eqs. (6.21)–(6.22)
becomes dominant and the physics of the ΛCDM model is reproduced.
However, it is important to remark that in these models of F (R)-gravity, when singularity
appears at high curvature, the solution for the problem is adding the higher powers of R so that
the behavior at large curvatures can be soften, but this argument is applicable to the Type I, II
and III finite-time future singularities only. The Type IV singularities, where only some derivatives
of Hubble parameter diverge, occur at small curvatures, and the higher power of R are avoidable
in this range of detection: for this reason, it may be necessary to introduce in the theory lower
power term of R. This problem will be analyzed in Chapter 7 in the context of DE-oscillations in
matter era.
6.6 Asymptotic behavior
As the last issue, we will analyze the solutions of our models when R is very large in comparison
with the curvature Ri of inflation. This means that in Eqs. (6.21)–(6.22) the last term is dominant
due to the viability conditions before analyzed and we get
F (R) ≃ γ¯
(
1
R˜α−1i
)
Rα , R≫ Ri, R˜i . (6.38)
By using Eq. (2.6) and Eq. (2.8) for F (R)-gravity in vacuum, one can deal with a first order
differential autonomous system in R and H as

R˙ = − 1F ′′(R)
(
HF ′(R) + F (R)−RF
′(R)
6H
)
,
H˙ = R6 − 2H2 .
(6.39)
For the model of Eq. (6.38), at the limit t→ 0+, we can find the following solutions:
H(t) ≃ H0
(t0 − t)β , R(t) ≃ 12
H20
(t0 − t)2β . (6.40)
Here, t < t0 and H0 is a large positive constant. Moreover, β is a positive parameter so that β = 1
or β > 1, and the solution corresponds to a Type I (or Big Rip) singularity.
This result shows that in the limit R → +∞ the model exhibits a past singularity, which
could be identified with the Big Bang one if we consider t0 → −∞ or we replace (t0 − t) → t.
However, we may also have a future-time singularity solution. It is important to stress that this
kind of solution is disconnected from the de Sitter phase of inflation, where the term R is of the
same order of γ¯Rα/R˜α−1i and is therefore not negligible as in Eq. (6.38). Furthermore, in the very
asymptotic limit, the scalaron F ′(R) results to be
F ′(R) ≃ γ¯ α
(
R
R˜i
)α−1
, R≫ Ri, R˜i . (6.41)
We can also evaluate the potential Veff of Eq. (2.28), through integration of ∂Veff(R)/∂R ≡
F ′′(R)[∂Veff(R)/∂F ′(R)]. By neglecting the contribute of matter, one easily finds
Veff(R) ≃ γ
2α(α − 1)(2− α)
3(2α− 1)
(
1
R˜α−1i
)2
R(2α−1) , R≫ Ri, R˜i . (6.42)
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We observe that, in order to reach the singularity, the scalaron has to crossover an infinite potential
barrier (Veff(R → ∞) → ∞) and go to infinity (F ′(R → ∞) → ∞), but clearly this dynamical
behavior is forbidden.
We may safely assume that, just after the Big Bang, a Planck epoch takes over where physics
is not described by GR and where quantum gravity effects are dominant. When the universe exits
from the Planck epoch, its curvature is bound to be the characteristic curvature of inflation and
the unstable de Sitter solution takes over.
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Chapter 7
Cosmic history of viable
F (R)-gravity: dark energy
oscillations, future evolution and
growth index
In this Chapter, we study the feature of dark energy in the fluid representation of viable F (R)-
modified gravity. Many viable models lead to an oscillating behaviour of the dark energy during de
Sitter and matter epoch. In particular, in matter dominated era, the large frequency oscillations
may influence the behavior of higher derivatives of the Hubble parameter with the risk to produce
some singular unphysical solutions at high redshift. This behavior is typical of realistic F (R)-
gravity, as we will explicit show by considering exponentail gravity and Hu-Sawiki model (as an
example of power form model). To stabilize such oscillations, we may introduce an additional
modification of the models via a correction term which does not destroy the viability properties.
In the second part of the Chapter, a detailed analysis on the future evolution of the universe and
the evolution history of the growth index of the matter density perturbations are performed via
numerical evaluation.
7.1 Dark energy in the de Sitter universe
Here, we are interested in the analysis of cosmological behavior of realistic F (R)-models of
modified gravity describing dark energy epoch. The tag ‘realistic’ has been defined in Chapter 6
and has to do with the feasibility of the models in view the all the most recent and accurate
observational data. In particular, we will still consider modified gravity in the form F (R) =
R+ f(R), by explicitly separating the contribution of GR from its modification. Up to now, with
this class of models, it is possible to turn out the most realistic reproduction of our universe, as
in the case of exponential gravity previously analized.
Let us consider the effects of modified gravity and matter together as the ones of an effective
fluid with energy density and pressure given by Eqs. (2.18)–(2.19). Now, for F (R)-gravity, we
define the dark energy density ρDE and the dark energy pressure pDE as
ρDE = ρeff − ρm , pDE = peff − pm , (7.1)
by explicitly separate the contribute of matter. In this way, we obtain a fluid representation of
F (R)-gravity. Then, we introduce the variable [151, 189]
yH(z) ≡ ρDE
ρm(0)
=
H2
m˜2
− (z + 1)3 − χ(z + 1)4 , (7.2)
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as a function of the redshift parameter z = 1/a(t) − 1, such that at the present time the scale
factor a(t) = 1 and z = 0. Furthermore, ρm(0) is the energy density of matter at the present, while
m˜2 and χ are a suitable mass scale and the today’s radiation abundance1, respectively, and they
are defined as
m˜2 ≡ κ
2ρm(0)
3
≃ 1.5× 10−67eV2 , χ ≡ ρr(0)
ρm(0)
≃ 3.1× 10−4 . (7.3)
In the last expression, ρr(0) is the energy density of radiation at the present. The EoS parameter
for the dark energy reads
ωDE ≡ pDE
ρDE
= −1 + 1
3
(z + 1)
1
yH(z)
dyH(z)
d(z)
. (7.4)
By combining Eq. (2.8) with Eq. (2.14), and then using Eq. (7.2), one gets
d2yH(z)
dz2
+ J1
dyH(z)
dz
+ J2 [yH(z)] + J3 = 0 , (7.5)
where


J1 =
1
(z+1)
(
−3− 1yH+(z+1)3+χ(z+1)4
1−F ′(R)
6m˜2F ′′(R)
)
,
J2 =
1
(z+1)2
(
1
yH+(z+1)3+χ(z+1)4
2−F ′(R)
3m˜2F ′′(R)
)
,
J3 = −3(z + 1)− (1−F
′(R))((z+1)3+2χ(z+1)4)+(R−F (R))/(3m˜2)
(z+1)2(yH+(z+1)3+χ(z+1)4)
1
6m˜2F ′′(R) .
(7.6)
Thus, the Ricci scalar reads
R = 3m˜2
[
4yH(z)− (z + 1)dyH(z)
dz
+ (z + 1)3
]
. (7.7)
We remember that d/dt ≡ −(z + 1)[H(z)]d/dz = [H(t)]d/d[ln a(t)], where H could be an explicit
function of the red shift, H(z), or an explicit function of the time, H(t). In general, Eq. (7.5) can
be solved in a numerical way, once we write the explicit form of the F (R)-model.
Let us study the perturbations around the de Sitter solution RdS given by Eq. (2.31), to see
that we are able to recover the stability condition (2.36). We restrict our analysis to homogeneous
perturbations. The behavior of general, linear, inhomogeneous perturbations has been discussed
in Ref. [195], where the equivalence between the two approaches has been explicitly shown: as
regards this point, see also the independent proof contained in Ref. [196].
The starting point will be
yH(z) ≃ y0 + y1(z) , (7.8)
where y0 = RdS/12m˜
2 is the constant dark energy of the dS-universe and |y1(z)/y0| ≪ 1. Eq. (7.7)
leads to
R = 3m˜2
[
4y0 + 4y1(z)− (z + 1)dy1(z)
dz
+ (z + 1)3
]
. (7.9)
In this case, by neglecting the contribution of radiation and assuming the matter one to be much
1Here, we have used the data of Ref. [8].
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smaller than y0, Eq. (7.5) becomes, at first order in y1(z),
d2y1(z)
dz2
+
α
(z + 1)
dy1(z)
dz
+
β
(z + 1)2
y1(z) = 4ζ(z + 1) , (7.10)
where
α = −2 , β = −4 + 4F
′(RdS)
RF ′′(RdS)
, ζ = 1 +
1− F ′(RdS)
RdSF ′′(RdS)
. (7.11)
In this derivation, we have used the de Sitter condition (2.31). The solution of Eq. (7.10) reads
y1(z) = C0(z + 1)
1
2
(
1−α±
√
(1−α)2−4β
)
+
4ζ
β
(z + 1)3 , (7.12)
where C0 is a generic constant. It is easy to see that y1(z)→ 0 when z → −1+, and, therefore, the
de Sitter solution is stable, provided by Eq. (2.36), i.e. F ′(RdS)/RdSF ′′(RdS) > 1. Furthermore,
we have two possible behaviors of dark energy density for a stable de Sitter universe [197]. If
25
16
>
F ′(RdS)
RdSF ′′(RdS)
> 1 , (7.13)
the solution approaches the de Sitter point as a power function of (z+1), that is y1(z) ∼ (z+1)γ ,
γ > 0. Otherwise, if
F ′(RdS)
RdSF ′′(RdS)
>
25
16
, (7.14)
the discriminant in the square root of Eq. (7.12) is negative and the dark energy density possesses
an oscillatory behavior whose amplitude decreases as (z+1)3/2 when z → −1+. As a consequence,
we can write yH(z) as
yH(z) =
RdS
12m˜2
+
(
1
F ′(RdS)−RdSF ′′(RdS) − 1
)
(z + 1)3 + (z + 1)
3
2 × (7.15)
[
A0 cos
(√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
log(z + 1)
)
+B0 sin
(√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
log(z + 1)
)]
,
A0 and B0 being constants which depend on the boundary conditions. Using Eq. (7.4), we can
also evaluate the EoS DE-parameter
ωDE = −1 + 4ζ
β
(z + 1)3
y0
+
1
3
γ
(z + 1)γ
y0
, (7.16)
where
γ =
1
2
(
1− α±
√
(1− α)2 − 4β
)
. (7.17)
In the case of oscillating models which satisfy Eq. (7.14), one has
ωDE = −1 + 12m˜
2
RdS
(
1
F ′(RdS)−RdSF ′′(RdS) − 1
)
(z + 1)3 + 4m˜2
(z + 1)
3
2
RdS
× (7.18)
[
A˜0 cos
(√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
log(z + 1)
)
+ B˜0 sin
(√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
log(z + 1)
)]
,
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with
A˜0 =
3
2
A0 +
√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
B0 , B˜0 =
3
2
B0 −
√(
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
)
A0 . (7.19)
We observe that ωDE exhibits the same oscillation period of yH(z) and that its amplitude is
amplified by its frequency, encoded in the coefficients A˜0 and B˜0.
7.1.1 Time evolution
Let us consider the stable de Sitter solution of Eq. (7.8) and Eq. (7.12) when the condition
(7.13) is satisfied,
yH(z) = y0 + C0(z + 1)
γ +
4ζ
β
(z + 1)3 , γ > 0 . (7.20)
Here, β, ζ and γ are given by (7.11) and (7.17), y0 = H
2
dS/m˜
2 = RdS/(12m˜
2), and C0 is a constant.
We assume C0 > 0. The first EOM (2.14) leads to
H2
m˜2
= yH(z) + (z + 1)
3 = y0 + C0(z + 1)
γ +
(
1
F ′(RdS)−RdSF ′′(RdS)
)
(z + 1)3 . (7.21)
We will explicitly solve H as a function of the cosmic time t. By writing z + 1 as 1/a(t), and by
omitting the matter contribution, one gets
(
a˙(t)
a(t)
)2
= H2dS + (C0m˜
2)
(
1
a(t)
)γ
. (7.22)
By taking t > 0, the general solution for the expanding universe is
a(t) =
(
C0m˜
2
H2dS
) 1
γ
[
sinh
(
HdS
2
γt+ φ
)] 2
γ
, (7.23)
being φ a positive constant. It is then easy to obtain
a(t) = a0e
HdSt
[
1− e−
(
HdS
2 γt+φ
)] 2
γ
, (7.24)
where a0 is a constant which depends on φ. As γ > 0, we get a(t) ≃ a0eHdSt. For the Hubble
parameter, one has
H(t) = HdS coth
(
1
2
HdSγt+ φ
)
, (7.25)
and, in general, this expression leads to H ≃ HdS.
Consider now the case of an oscillatory behavior followed by the condition (7.14). Thus,
H(t) =
(
a˙(t)
a(t)
)
=
√
H2dS + m˜
2a(t)−
3
2 [A cos [FdS log(a(t)−1)] +B sin [FdS log(a(t)−1)]] , (7.26)
where we have used Eq. (7.15), omitting matter contribution, and the frequency FdS is given by
FdS =
√
4F ′(RdS)
RdSF ′′(RdS)
− 25
4
. (7.27)
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If we assume a(t) ≃ exp(H0t), Eq. (7.26) yields
H(t) ≃
√
H2dS + m˜
2
(
1
eH0t
) 3
2
[−A cos (FdSH0t) +B sin (FdSH0t)] . (7.28)
Also in this case, H ≃ HdS.
7.2 Dark energy in the matter era
The critical points associated with matter dominated era for F (R)-gravity have been briefly
discussed in § 6.1.1. An important viable condition is the positivity of the second derivative of
F (R), namely F ′′(R) > 0, during this phase. When F ′′(R) < 0 perturbations grow up and, as a
consequence, the theory becomes strongly unstable. Now, a detailed analysis of such perturbations
will be carried out following Ref. [198]. Since in the late-time matter era is not stable (raugly
speaking, F˙ (R) 6= 0), it will be necessary to introduce some physical assumptions in order to solve
the corresponding equations.
At first, we assume that yH(z) ≪ (1 + z)3 and neglect the contribute of radiation. Eq. (7.5)
becomes, to first order in yH(z)/(z + 1)
3,
y′′H(z)−
y′H(z)
(z + 1)
(3) +
yH(z)
(z + 1)2
(
4F ′(R)− 3
RF ′′(R)
)
= (7.29)
(z + 1)
[
3 +
1
2F ′′(R)R
(
(1− F ′(R)) + (R− F (R))
R
)]
,
where R is written in full form, as in Eq. (7.7), and we have used the conditions (6.1), which
usually read
R− F (R) ≃ 6m˜2yH(z) , F ′(R) ≃ 1 . (7.30)
In the first expression, we have considered the case of realistic models mimicing an effective
cosmological constant: in general, we may say that R − F (R) ∼ m˜2yH(z). Now, Eq. (7.29) can
be expanded at first order in yH(z) as
y′′H(z) + y
′
H(z)
1
(z + 1)
(
−7
2
− (1− F
′(R))F ′′′(R)
2F ′′(R)2
)
+ (7.31)
yH(z)
1
(z + 1)2
(
2 +
1
RF ′′(R)
+
2(1− F ′(R))F ′′′(R)
F ′′(R)2
)
=
(
3 +
2− F ′(R)− F (R)/R
2RF ′′(R)
)
(z + 1) .
We are completely neglecting the effects of the dark energy in the Ricci scalar which simply reads
R = 3m˜2(z + 1)3 . (7.32)
In order to solve Eq. (7.31) we can set z = z0 + (z − z0), where |(z − z0)/z0| ≪ 1, and perform a
92
variation with respect to z. To first order in (z − z0), we find
y′′H(z) + y
′
H(z)
1
(z0 + 1)
(
−7
2
− (1 − F
′(R0))F ′′′(R0)
2F ′′(R0)2
)
+ (7.33)
yH(z)
1
(z0 + 1)2
(
2 +
1
R0F ′′(R0)
+
2(1− F ′(R0))F ′′′(R0)
F ′′(R0)2
)
=
(
3 +
2− F ′(R0)− F (R0)/R0
2R0F ′′(R0)
)
(z0 + 1) +
3
(
1
2
+
5F (R0)/R0 − F ′(R0)− 4
6R0F ′′(R0)
− (2− F
′(R0)− F (R0)/R0)F ′′′(R0)
2F ′′(R0)2
)
(z − z0) ,
where
R0 = 3m˜
2(z0 + 1)
3 . (7.34)
The solution of this equation is
yH(z) = a+ b(z − z0) + C0 · e
1
2(z0+1)
(
α±
√
α2−4β
)
(z−z0) , (7.35)
where C0 is a constant, a and b are given by


a =
(
1
6m˜2
) 6R20F ′′(R0)+(2−F ′(R0))R0−F (R0)
1+2R0F ′′(R0)+2(2−F ′(R0)−F (R0)/R0)R0F ′′′(R0)/F ′′(R0)+(
R20
4m˜2
)
7F ′′(R0)2+(2−F ′(R0)−F (R0)/R0)F ′′′(R0)
[2R0F ′′(R0)2+F ′′(R0)+2R0(2−F ′(R0)−F (R0)/R0)F ′′′(R0)]2×[
R0F
′′(R0)2 + (5F (R0)/R0 − F ′(R0)− 4)F ′′(R0)/3−R0(2− F ′(R0)− F (R0)/R0)F ′′′(R0)
]
,
b = R02m˜2(z0+1)
R0F
′′(R0)2+(5F (R0)/R0−F ′(R0)−4)F ′′(R0)/3−(2−F ′(R0)−F (R0))R0F ′′′(R0))
2R0F ′′(R0)2+F ′′(R0)+2(2−F ′(R0)−F (R0)/R0)R0F ′′′(R0) ,
(7.36)
and finally


α = 72 +
(1−F ′(R0))F ′′′(R0)
2F ′′(R0)2
,
β = 2 + 1R0F ′′(R0) +
2(1−F ′(R0))F ′′′(R0)
F ′′(R0)2
.
(7.37)
Let us now analyze this result. Since in the expanding universe (z− z0) < 0, it turns out that the
matter solution is stable around R0 if α > 0 and β > 0. This means that in viable matter era we
must require
(1− F ′(R))F ′′′(R)
2F ′′(R)2
> −7
2
,
1
RF ′′(R)
> 12 . (7.38)
This conditions are in perfect agreement with (6.2). We can thus have an oscillatory behavior of
the dark energy if the discriminant of the square root in Eq. (7.35) is negative. We will analyze
oscillations in matter era and their consequences in § 7.3.
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7.2.1 Late-time matter era
In realistic models of modified gravity, the de Sitter universe follows the matter era. The effects
of dark energy could be relevant at a late-time matter era, near the transition between the matter
and de Sitter epochs (thypically, around z = 1). In this case, we cannot do an expansion of
the F (R)-functions in terms of yH(z), as we did before. On the other hand, in realistic models of
modified gravity, yH(z) tends to a constant value, as in Eq. (7.8), namely yH(z) = y0+y1(z), where
y0 ≃ RdS/12m˜2 is related to the de Sitter solution and |y1(z)/y0| ≪ 1 (in this way, we reproduce
the correct dynamical evolution of the universe, as in the ΛCDM Model). As a consequence, we
can actually perform the variation of Eq. (7.29) with respect to y1(z), to obtain
y′′1 (z) + y
′
1(z)
1
(z + 1)
[
−7
2
− (1− F
′(R))F ′′′(R)
2F ′′(R)2
]
+
y0 + y1(z)
(z + 1)2
(
4F ′(R)− 3
RF ′′(R)
)
= (7.39)
(z + 1)
[
3 +
1
2F ′′(R)R
(
(1− F ′(R)) + (R − F (R))
R
)]
,
where
R = 3m˜2
[
(z + 1)3 + 4y0
]
. (7.40)
Also in this case, we can take z = z0 + (z − z0), with |(z − z0)/z0| ≪ 1, and doing the variation
with respect to z, we find, up to first order in (z − z0),
y′′1 (z) + y
′
1(z)
1
(z0 + 1)
[
−7
2
− (1− F
′(R0))F ′′′(R0)
2F ′′(R0)2
]
+
y0 + y1(z)
(z0 + 1)2
(
1
R0F ′′(R0)
)
=
(z0 + 1)
[
3 +
1
2F ′′(R0)R0
(
1− F ′(R0) + R0 − F (R0)
R0
)]
+
3
[
1
2
− 1− F
′(R0)
2F ′′(R0)2
F ′′′(R0) +
1− F ′(R0)
6F ′′(R0)R0
]
(z − z0) , (7.41)
where
R0 = 3m˜
2[(z0 + 1)
3 + 4y0] . (7.42)
In the above expression we have used the conditions (7.30). Owing to the fact that y0m˜
2 ≪ R0,
we have considered terms at least of first order in (y0m˜
2)/R0. The solution of the last equation is
y0 = a ,
y1(z) = b (z − z0) + C0 · e
1
2(z0+1)
(
α±
√
α2−4β
)
(z−z0) , (7.43)
where C0 is a constant, a and b read

a ≃ R06m˜2(4F ′(R0)−3) (6F ′′(R0)R0 + 2− F ′(R0)− F (R0)/R0)+
R20
4m˜2 (7F
′′(R0)2 + 2− F ′(R0)− F (R0)/R0)F ′′′(R0))×
(R0F
′′(R0)2 − (1− F ′(R0))R0F ′′′(R0) + (1− F ′(R0))F ′′(R0)/3) ,
b = 3(z0+1)
2(R0F
′′(R0)2−(1−F ′(R0))R0F ′′′(R0)+(1−F ′(R0))F ′′(R0)/3)
2F ′′(R0)
,
(7.44)
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and finally 

α = 72 +
(1−F ′(R0))F ′′′(R0)
2F ′′(R0)2
,
β = 1R0F ′′(R0) .
(7.45)
The solution is stable around R0 if α > 0 and β > 0. This means that in late-time matter era one
has to verify
(1− F ′(R))F ′′′(R)
2F ′′(R)2
> −7
2
,
1
RF ′′(R)
> 0 , (7.46)
otherwise the model is stongly unstable. The oscillatory behavior of the dark energy occurs when
the discriminant of the square root of Eq. (7.43) is negative. We observe that the expression
(7.40) is more accurate than (7.32). In general, if the conditions (7.46) are satisfied for R0 =
3m˜2(z0 + 1)
3 + 12m˜2y0, the conditions (7.38) will be also satisfied, provided it is possible to use
the approximation R0 = 3m˜
2(z0 + 1)
3.
7.3 DE-oscillations in viable matter era
In this Section, we consider viable F (R)-gravity representing a realistic scenario for the dark
energy epoch, in particular, the class of models presented in § 6.2. As representative exemples, we
take exponential gravity and a power form model. As the result of the analysis carried out in the
previous Section, we show that for these models, large frequency oscillation of dark energy in the
matter dominated era appears. This behaviour may influence the higher derivatives of the Hubble
parameter with the risk to produce some divergence. Therefore, we suggest a way to stabilize such
frequency oscillation.
Let us start with the exponential model of § 6.3. By replacing R0 → bΛ, we get
F (R) = R− 2Λ
[
1− e−R/(bΛ)
]
, (7.47)
where 2 > b > 0 is a free parameter which satisfies condition (6.19) for stable de Sitter universe.
Then, we examine the Hu-Sawicki model in Eq. (4.2). For our treatment, we reparameterize this
model by putting c1m˜
2/c2 = 2Λ and (c2)
1/n m˜2 = bΛ, with 2 > b > 0, and we obtain
F (R) = R− 2Λ
{
1− 1
[R/ (bΛ)]n + 1
}
, n = 4 . (7.48)
We observe that, in both of these models, the term bΛ corresponds to the curvature for which the
Cosmological Constant is “switched on”. In the model of Eq. (7.48), since n has to be sufficiently
large in order to mimic the ΛCDM model, we have assumed n = 4 and we keep free the b parameter
only. At high curvatures, during matter era, this models accurately reproduce the Cosmological
Constant. It is easy to verify that conditions (7.38), or, for late-time matter era, (7.46), are
well satisfied and, owing to the fact that F ′′(R) is very close to 0+ for both of the models, the
discriminant in the square root of Eq. (7.35) is negative and the dark energy oscillates as
yH(z) ≃ Λ
3m˜2
+ e
α1,2(z−z0)
2(z0+1)
[
A0 sin
( √
β1,2
(z0 + 1)
(z − z0)
)
+B0 cos
( √
β1,2
(z0 + 1)
(z − z0)
)]
. (7.49)
Here, A0 and B0 are constants and α1,2 and β1,2 are given by (7.37). In the specific, α1 = 3 for
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the model in Eq. (7.47) and α2 ≃ 29/10 for the model in Eq. (7.48), while β1,2 ≃ 1/[R0F ′′(R0)]
in the both cases, namely
β1 ≃
(
b2Λe
R0
R˜
2R0
)
, (7.50)
for exponential model (7.47) and
β2 ≃
R0
[
1 +
(
R0
bΛ
)n]3 ( bΛ
R0
)n
2Λn
{
1 + n
[(
R0
bΛ
)n − 1]+ (R0bΛ )n} ≃
R0
2Λn(n+ 1)
(
R0
bΛ
)n
, (7.51)
for the power-law model (7.48). We see that the frequency of dark energy oscillations increases
with the curvature (and redshift). Moreover, the effects of such oscillations are amplified in the
derivatives of the dark energy density, namely,∣∣∣∣ dndtn yH(t0)
∣∣∣∣ ∝ [F(z0)]n , F(z) ≃ 1(z + 1)√RF ′′(R) . (7.52)
Here, F(z) is the oscillation frequency of dark energy and t0 is the cosmic time corresponding
to the redshift z0. This is for example the case of the dark energy EoS parameter (7.4): for
large values of the redshift, the dark energy density oscillates with a high frequency and also its
derivative becomes large, showing a different feature of the dark energy EoS parameter in the
models (7.47)–(7.48) compared with the case of ΛCDM Model. Then, during matter era, the
Hubble parameter behaves as
H(z) ≃
√
m˜2
[
(z + 1)3/2 +
yH(z)
2(z + 1)3/2
]
,
∣∣∣ yH(z)
(z + 1)3
∣∣∣≪ 1 , (7.53)
and it is simply to understand that, if the frequency F(z) of Eq. (7.52) is extremely large, the
derivatives of dark energy density could become dominant in some higher derivatives of the Hubble
parameter which may approach an effective (Type IV) singularity and therefore make the solution
unphysical. We see it for specific cases. Exponential gravity as well as Hu-Sawicki model can
correctly reproduce the late-time cosmic acceleration following the matter dominated epoch, in
agreement with astrophysical data [188, 189, 190, 191]. A reasonable choice is to take b = 1 for
both these models and put Λ = 7.93m˜2, where m˜2 is given by (7.3), according with data of Ref. [8].
We can solve Eq. (7.5) numerically2 by taking the following boundary conditions at z = zi, where
zi ≫ 0, 

dyH(z)
d(z)
∣∣∣
zi
= 0 ,
yH(z)
∣∣∣
zi
= Λ3m˜2 .
(7.54)
Here, we have taken into account the fact that at a high redshift the universe should be very close
to the ΛCDM model. We have set zi = 2.80 for the model in Eq. (7.47) and zi = 4.5 for the
model in Eq. (7.48), such that RF ′′(R) ∼ 10−8 at R = 3m˜2(zi + 1)3. We observe that it is hard
to extrapolate the numerical results to the higher redshifts because of the large frequency of dark
energy oscillations.
Using Eq. (7.4), we also can derive ωDE and from Eq. (7.7) we obtain R as a function of the
redshift. Furthermore, we extrapolate the behavior of ΩDE, which is given by
ΩDE(z) ≡ ρDE
ρeff
=
yH
yH + (z + 1)
3
+ χ (z + 1)
4 . (7.55)
For the present universe, we get the following results: for the model in Eq. (7.47), yH(0) = 2.736,
ωDE(0) = −0.950, ΩDE(0) = 0.732 and R(z = 0) = 4.365, and for the model (7.48), yH(0) = 2.652,
2We have used Mathematica 7 c©.
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ωDE(0) = −0.989, ΩDE(0) = 0.726 and R(z = 0) = 4.358. These resultant data are in accordance
with the last and very accurate observations of current universe [8], namely
ωDE = −0.972+0.061−0.060 ,
ΩDE = 0.721± 0.015 . (7.56)
Next, we introduce the deceleration q, jerk j and snap s parameters [199, 200],
q(t) ≡ − 1
a(t)
d2a(t)
dt2
1
H(t)2
= − H˙
H2
−H2 ;
j(t) ≡ 1
a(t)
d3a(t)
dt3
1
H(t)3
=
H¨
H3
− 3q − 2 ;
s(t) ≡ 1
a(t)
d4a(t)
dt4
1
H(t)4
=
...
H
H4
+ 4j + 3q(q + 4) + 6 . (7.57)
The following values of these cosmological parameters at the present time (z = 0) in the two
models, which we called Model I in Eq. (7.47) and Model II in Eq. (7.48), and in the ΛCDM
Model are obtained from numerical extrapolation:
q(z = 0) = −0.650 (ΛCDM) , −0.544 (Model I) , −0.577 (Model II) ;
j(z = 0) = 1.000 (ΛCDM) , 0.792(Model I) , 0.972 (Model II) ;
s(z = 0) = −0.050 (ΛCDM) , −0.171(Model I) ,−0.152 (Model II) . (7.58)
The deviations of these parameters in Models I and II from those in the ΛCDM Model are very
small at the present: however, since the parameters depend on the time derivatives of the Hubble
parameter, it is interesting to analyze their behaviors at high redshift (and curvature). For this
reason, in Fig. 7.1, we plot the cosmological evolutions of decelaration, jerk and snap as functions
of the redshift z. In this graphics, also the overlapped regions with ΛCDM Model are shown.
The deceleration parameter in Models I and II is very close to the value in the ΛCDM Model,
being still negligible the contribute of dark energy to the first derivative of the Hubble parameter,
and the correct cosmological evolution of these models is guaranteed. However, it is clear that in
the jerk and snap parameters the derivatives of the dark energy density become relevant: these
parameters grow up with an oscillatory behavior and, due to the fact that the frequency of the
oscillations strongly increases with the redshift, it is reasonable to expect that some divergence
occurs in the past. We observe that, if from one side at high redshifts the exponential Model
I is more close to the ΛCDM Model because of the faster decreasing of exponential function in
comparison with the power function of Model II, from the other side it involves stronger oscillations
in the matter era.
It could be stated that, the more similar the model is to the ΛCDM Model, namely as much
F ′′(R) is close to zero, the bigger the oscillation frequency of dark energy becomes in the past
and, despite the fact that the dynamics of the universe depends on the matter and the dark
energy density remains avoidable, some divergences in the derivatives of the Hubble parameter
may occur. We can conclude that the models under consideration, although the approaching
manners to a model with the Cosmological Constant are different from each other, show a generic
feature of realistic F (R)-gravity models, in which the cosmological evolutions are similar to those
of General Relativity with Cosmological Constant. The corrections to the Einstein’s equations in
the small curvature regime lead to undesired effects in the high curvature regime. Thus, we need
to investigate additional modifications.
In Ref. [198] the accurate analysis of DE-oscillations, where is possible to appreciate the con-
cordance between predicted oscillation frequency and numerical one, is carried out.
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Figure 7.1: Cosmological evolutions of q(z) [(a) and (d)], j(z) [(b) and (e)] and s(z) [(c) and (f)]
parameters as functions of the redshift z for Model I [(a)–(c)] and Model II [(d)–(f)] in the region
of z > 0. The overlapped regions with ΛCDM Model are shown.
7.3.1 Proposal of a correction term
In order to remove the divergences in the derivatives of the Hubble parameter, we introduce
a function g(R) for which the oscillation frequency of the dark energy density (7.49) acquires a
constant value 1/
√
δ, where δ > 0, for a generic curvature R ≫ bΛ, and we try to stabilize the
oscillations of dark energy during the matter dominated era with the use of a correction term
[194, 201]. Since in the matter era (z + 1) =
[
R/(3m˜2)
]1/3
, we must require
(3m˜2)2/3
R5/3 g′′(R)
=
1
δ
, g(R) = −γ˜ Λ
(
R
3m˜2
)1/3
, γ˜ > 0 , (7.59)
where γ˜ ≡ (9/2)δ(3m˜2/Λ) = 1.702 δ. We explore the models in Eqs. (7.47)–(7.48) with adding
these correction as
F1(R) = R− 2Λ
(
1− e− RbΛ
)
− γ˜ Λ
(
R
3m˜2
)1/3
, (7.60)
F2(R) = R− 2Λ
[
1− 1
(R/bΛ)4 + 1
]
− γ˜ Λ
(
R
3m˜2
)1/3
. (7.61)
We note that in both cases F1,2(0) = 0, and we still have the Minkowski’s solution of the flat space-
time. Then, under the requirement γ˜ ≪ (m˜2/Λ)1/3, the effects of our last modification vanish in
the de Sitter epoch, when R = 4Λ, and we recover a model with an effective cosmological constant.
We may also evaluate the dark energy density at high redshifts by directly putting R = 3m˜2(z+1)3
in the definition of ρDE = ρeff − ρm given by Eq. (2.18). We get
yH(z) ≃ Λ
3m˜2
[1 + γ˜(1 + z)] . (7.62)
We see that with the reasonable choice γ˜ ∼ 1/1000, the effects of modification of gravity on the
dark energy density begin to appear at a very high redshift (for example, yH(10) = 1.01× yH(0)),
and we are very close to the ΛCDM Model. However, while the pure models in Eqs. (7.47)
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and (7.48) mimic an effective cosmological constant, the models in Eqs. (7.60)–(7.61) mimic a
quintessence fluid. In fact, Eq. (7.4) leads to
ωDE(z) ≃ −1 + (1 + z)γ˜
3(1 + (1 + z)γ˜)
, (7.63)
so that when z → +∞, ωDE(z)→ −2/3−.
Thus, it is simple to verify that all the cosmological constraints are still satisfied. Since
|F ′1,2(R ≫ bΛ) − 1| ≪ 1, the effective gravitational coupling Geff = GN/F ′1,2(R) is positive, and
hence the models are protected against the anti-gravity during the cosmological evolution. Then,
due to the fact that F ′′1,2(R≫ bΛ) > 0, we do not have any problem in terms of the existence of a
stable matter era. It should be stressed that the energy density preserves its oscillation behavior
in the matter dominated era, but that, owing to the correction term reconstructed before, such
oscillations keep a constant frequency F =
√
1.702/γ˜ and do not diverge. Despite the small value
of γ˜, in this way the high redshift divergences and possible effective singularities can be removed.
7.3.2 Analysis of exponential and power-form models with correction
terms in the matter dominated era
In this Subsection, we carry out the numerical analysis of the models in Eqs. (7.60) and (7.61).
In both cases, we assume b = 1 and γ˜ = 1/1000 and solve Eq. (7.5) in a numerical way, by taking
accurate initial conditions at z = zi, where zi ≫ 0. By using Eq. (7.62), we acquire

dyH(z)
d(z)
∣∣∣
zi
= Λ3m˜2 γ˜ ,
yH(z)
∣∣∣
zi
= Λ3m˜2 [1 + γ˜ (zi + 1)] .
(7.64)
We have set zi = 9. The feature of the models (7.60)–(7.61) at the present time is very similar to
those of the models in Eqs. (7.47)–(7.48). The numerical extrapolation to the current universe for
the model (7.60) leads to yH(0) = 2.739, ωDE(0) = −0.950, ΩDE(0) = 0.732 and R(z = 0) = 4.369,
while for the model (7.61), we obtain yH(0) = 2.654, ωDE(0) = −0.989, ΩDE(0) = 0.726 and
R(z = 0) = 4.361. Let us have a look to those behaviors in the matter dominated era. From the
initial conditions we get yH(9) = 2.670 and ωDE(9) = −0.997, and the universe remains extremely
close to the ΛCDM Model. The dynamical correction of the Einstein’s equation, namely, roughly
speaking, the fact of having “a dynamical cosmological constant”, introduces the oscillatory be-
havior of dark energy density, but now, thanks to the contribution of the correction term, we
have a constant frequency of oscillation frequency without changing the cosmological evolution
described by the theory. In Fig. 7.2, we show the behaviour of the deceleration, jerk and snap
parameters as functions of the redshift z in these models. The overlapped regions in this models
with those in the ΛCDM Model are shown. We may compare the graphics in Fig. 7.2 with the
corresponding ones in Fig. 7.1 of the models (7.47)–(7.48) without the correction term. At high
redshifts, the deceleration parameter is not influenced by dark energy and its behaviour in both
of the models (7.60)–(7.61) is close to the one of the ΛCDM Model. On the contrary, the jerk
and snap parameters oscillate, being the derivatives of the dark energy density relevant. However,
here such oscillations have the constant frequency of the dark energy and do not diverge. The
predicted value of the oscillation frequency is F ≡
√
1.702/γ˜ = 41.255. The oscillation period is
T = 2π/F ≃ 0.152. Thus, the numerical data are in good accordance with the predicted ones (we
can appreciate the result in the graphics by taking into account the fact that the number of crests
per units of the redshift has to be 1/T ≃ 7).
In conclusion, we have shown in both analytical and numerical ways that the effects of dark
energy oscillations are evident at high red shift in the higher derivative of the Hubble parameter,
which may approach an effective singularity. It is not a case if all the numerical simulations
presented in the literature start from small redshifts, since for large values of the redshift this
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problem appears. We stress that the average value of the dark energy density remains negligible,
but the oscillations around this value become huge. The analytical results can match with the
numerical simulations, and therefore all the analyses here presented are consistent. This behavior
of realistic F (R)-gravity models has recently been studied also in Ref. [202]. Some correction to
stabilize such oscillations is required and we have seen that one possibility is given by the adding
of a low-power term of the Ricci scalar.
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Figure 7.2: Cosmological evolutions of q(z) [(a) and (d)], j(z) [(b) and (e)] and s(z) [(c) and
(f)] parameters as functions of the redshift z for the model F1(R) [(a)–(c)] and the model F2(R)
[(d)–(f)] in the region of z > 0. The overlapped regions with ΛCDM Model are shown.
7.4 DS-solution, future universe evolution and growth index
We have just seen that the models (7.60)–(7.61) with the choice of b = 1 can be consistent with
the observational data of the universe. Here, we examine all the range of b in which the models
are compatible with the observations and we concentrate on their future evolution. We will show
that the effective crossing of the phantom divide which characterizes the de Sitter epoch takes
place in the very far future.
Furthermore, in the way of trying to explain the several aspects of our universe, there exists
the problem of distinguishing different theories. Different theories can achieve the same expansion
history, but theories with the same expansion history can have a different cosmic growth history.
This fact makes the growth of the large scale structure in the universe, namely the characterization
of growth of the matter density perturbations, an important tool in order to discriminate among
different models. In order to execute it, the so-called growth index γ [203] is useful. Therefore, in
the second part of this Section, we study the evolution of the matter density perturbations in our
models.
These results have been presented in Ref. [194].
7.4.1 Cosmological constraints
We take γ˜ = 1/1000 in the models in Eqs. (7.60) and (7.61), keeping the parameter b free.
Now, the dark energy density is a function of z and b, namely, yH(z, b). We can solve Eq. (7.5)
numerically, taking the initial conditions at zi = 9 as
100


dyH(z,b)
d(z)
∣∣∣
zi
= Λ3m˜2 γ˜ ,
yH(z, b)
∣∣∣
zi
= Λ3m˜2 [1 + γ˜ (zi + 1)] ,
(7.65)
as we did in the previous Section. We consider the range 0.1 < b < 2. In Figs. 7.3 and 7.4, we
display the resultant values of dark energy EoS parameter ωDE(z = 0, b) and ΩDE(z = 0, b) at the
present time as functions of b for the two models. We also show the bounds of cosmological data
in (7.56), namely, the lines in rose denote the upper bounds, and the lines in yellow denote the
lower ones. From the graphics of every model, we find that in order to correctly reproduce the
universe where we live with exponential gravity in Eq. (7.60), 0.1 < b < 1.174, with power-law
model in Eq. (7.61), 0.1 < b < 1.699. The choices in § 7.3.2 are consistent with these results.
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Figure 7.3: Behaviors of ωDE(z = 0, b) and of ΩDE(z = 0, b) as functions of b for exponential
model. The observational data bounds (horizontal lines) are also shown.
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Figure 7.4: Behaviors of ωDE(z = 0, b) and of ΩDE(z = 0, b) as functions of b for power-law model.
Legend is the same as Fig. 7.3.
7.4.2 Future universe evolution
In the de Sitter universe, we have R = RdS, where RdS follows from the constant curvature
given by the constant dark energy density yH = y0, such that RdS = 12m˜
2y0. Dark energy reads
as in Eq. (7.8) and behaves as in Eq. (7.12). For models (7.60)–(7.61), the de Sitter solution
RdS = 4Λ is stable and condition (7.14) is well satisfied, such that dark energy has an oscillatory
behaviour (7.15) and, in particular, oscillates infinitely often around the line of the phantom divide
ωDE = −1, how is clear from Eq. (7.18). According to observational data, the crossing of the
phantom divide may be occurred in the near past [204]-[207]. These models possess one crossing
in the recent past [189], after the end of the matter dominated era, and infinite crossings in the
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future, but the amplitude of such crossings decreases as (z+1)3/2 and this fact does not cause any
serious problem to the accuracy of the cosmological evolution during the de Sitter epoch which is
in general the final attractor of the system [189, 190]. As an example, we can consider exponential
model (7.60) with b = 1 and γ˜ = 1/1000 (see § 7.3.2 for numerical extrapolation). In Figs. 7.5, we
plot ωDE, ΩDE and R/Λ as functions of the redshift in the late time matter era/de Sitter region
(−1 < z < 3). We note the oscillatory behaviour of ωDE around the line of phantom divide. As
we previously observed, the values of ωDE and ΩDE are very close to the cosmological data at
the present time. Moreover, in the asymptotic limit z → −1+, R tends to 3.727Λ (the effective
cosmological constant of the model is 0.932Λ). As a consequence, the de Sitter solution is a final
attractor of the system and describes an eternal accelerating expansion.
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Figure 7.5: Plot of ωDE (a), ΩDE (b) and R/Λ for exponential model (7.60) with b = 1 and
γ˜ = 1/1000.
However, the existence of a phantom phase can give some undesirable effects, like the possibility
to have the Big Rip [208] as an alternative scenario of the universe or the disintegration of bound
structures which does not necessarily require the final (Big Rip) singularity [176, 177, 129]. In this
Subsection, we show that in the models in Eqs. (7.60)–(7.61) the effective EoS parameter (2.23)
of the universe,
ωeff ≡ ρeff
peff
= −1 + 2(z + 1)
3H(z)
dH(z)
dz
, (7.66)
never crosses the phantom divide line in the past, and that when z is very close to −1 it coincides
with ωDE and the crossings occur. We remark that ρeff and peff correspond to the total energy
density and pressure of the universe, and only when dark energy strongly dominates over ordinary
matter, we can consider ωeff ≈ ωDE. In both of the models under investigation, we take again
γ˜ = 1/1000 and keep the parameter b free, such that 0.1 < b < 1.174 (model in Eq. (7.60)) and
0.1 < b < 1.699 (model in Eq. (7.61)), according to the realistic representation of current universe.
From the numerical evaluation of Eq. (7.5), we can also get H(z), given by
H(z) =
√
m˜2 [yH(z) + (z + 1)3 + χ(z + 1)4] , (7.67)
and therefore ωeff(z). We depict the cosmological evolution of ωeff as a function of the red shift
z and the b parameter in Fig. 7.6 for the model in Eq. (7.60) and in Fig. 7.7 for the model in
Eq. (7.61). On the left panels, we plot the effective EoS parameter for −1 < z < 2. In both of the
models, independently on the choice of b, ωDE starts from zero in the matter era and asymptotically
approaches -1 without any appreciable deviation. Only when z is very close to −1 and the matter
contribution to ωeff is effectively zero, we observe the crossing of the phantom divide due to the
oscillations of the dark energy. On the right panels, we display the behavior of the effective EoS
parameter around z = −1 and we focus on the phantom divide line, by excluding the graphic
area out of the range −1.0001 < ωeff < −0.9999. The blue region indicates that ωeff is still in
the quintessence phase. We note that especially in the model in Eq. (7.61), the first crossing of
phantom divide is very far in the future. For example, with the scale factor a(t) = exp [HdS t],
where HdS ≃ 6.3 × 10−34eV−1 is the Hubble parameter of the de Sitter universe, z = −0.90
corresponds to 1026 years!
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(a) (b)
Figure 7.6: Cosmological evolution of ωeff as a function of the red shift z and the b parameter for
the model in Eq. (7.60). The left panel plots it for −1 < z < 2 and the right one displays around
z = −1.
(a) (b)
Figure 7.7: Cosmological evolution of ωeff as a function of the red shift z and the b parameter for
the model in Eq. (7.61). Legend is the same as Fig. 7.6.
7.4.3 Growth of the matter density perturbations: growth index
In this Subsection, we study the matter density perturbations. The equation that governs the
evolution of the matter density perturbations in F (R)-gravity has been derived in Ref. [209, 210,
211]. Under the subhorizon approximation, the matter density perturbation δ = δρm/ρm satisfies
the equation
δ¨ + 2Hδ˙ − 4πGeff(a, k)ρmδ = 0 , (7.68)
with k the comoving wavenumber and Geff(a, k) the effective gravitational “constant” given by
Geff(a, k) =
GN
F ′(R)
[
1 +
(
k2/a2
)
(F ′′(R)/F ′(R))
1 + 3 (k2/a2) (F ′′(R)/F ′(R))
]
. (7.69)
It is worth noting that the appearance of the comoving wavenumber k in the effective gravitational
constant makes the evolution of the matter density perturbations dependent on the comoving
wavenumber k. It can be easily verified that, by taking F (R) = R in Eq. (7.69), the evolution
of the matter density perturbation does not have this kind of dependence in the case of GR.
In Fig. 7.8, we depict the cosmological evolution as a function of the redshift z and the scale
dependence on the comoving wavenumber k of the effective gravitational constant above for the
model F1(R) in Eq. (7.60), and in Fig. 7.9 we plot those for the model F2(R) in Eq. (7.61). In
both these cases, we have fixed b = 1 and used γ = 1/1000.
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Figure 7.8: (a) Cosmological evolution as a function of z and the scale dependence on k of the
effective gravitational constant Geff/GN for the model F1(R) with b = 1 and γ˜ = 1/1000. (b)
Cosmological evolution ofGeff/GN as a function of z in the model F1(R) with b = 1 and γ˜ = 1/1000
for k = 1Mpc−1 (blue), k = 0.1Mpc−1 (green), k = 0.01Mpc−1 (red) and k = 0.001Mpc−1
(fuchsia).
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Figure 7.9: (a) Cosmological evolution as a function of z and the scale dependence on k of the
effective gravitational constant Geff/GN for the model F2(R) with b = 1 and γ˜ = 1/1000. (b)
Cosmological evolution of Geff/GN as a function of z for the model F2(R) with b = 1 and γ˜ =
1/1000. Legend is the same as Fig. 7.8.
Another important remark is that in deriving Eq. (7.68), we have assumed the subhorizon
approximation [212], namely, comoving wavelengths λ = a(t)/k are considered to be much shorter
than the Hubble radius H−1 as
k2
a2
≫ H2 . (7.70)
It means that we must examine the scales of log[k] ≥ −3. On the other hand, for large k we have
to take into account deviations from the linear regime [213]. Thus, we do not consider the scales
of log[k] > −1 and take log[k] close to −1.
From Figs. 7.8–7.9, we observe that Geff measured today can significantly be different from the
Newton’s constant in the past. The Newton’s constant should be normalized to the current one
as Geff/GN . This implies that the Newton’s constant at the decoupling epoch can be much lower
than what is (implicitly) assumed in CMB codes like CAMB [214, 215]. It may significantly change
the CMB power spectrum since it changes, for example, the relation between the gravitational
interaction and the Thomson scattering rate. Due to the fact that we use the CMB data when
we examine whether the theoretical results are consistent with the observations in the framework
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of General Relativity, it should be important to take into account this point. Therefore, if we
compare our results with the observations, we have to use the CMB data with the present value
of Geff given by our F (R)-modified gravity model, instead of the Newton’s constant GN of GR.
Now we introduce the growth rate fg ≡ d ln δ/d ln a and solve the equivalent equation to
Eq. (7.68) for the growth rate in terms of the redshift z,
dfg(z)
dz
+
(
1 + z
H(z)
dH(z)
dz
− 2− fg(z)
)
fg(z)
1 + z
+
3
2
m˜2(1 + z)2
H2(z)
Geff(a(z), k)
G
= 0 . (7.71)
Unfortunately, this equation cannot be solved analytically for the models F1(R) and F2(R), but it
may be solved numerically by putting the initial conditions. We impose that at a very high redshift
the growth rate becomes that in the ΛCDM Model. In Fig. 7.10, we illustrate the cosmological
evolution as a function of the redshift z and the scale dependence on the comoving wavenumber
k of the growth rate for the model F1(R), while we plot those of the growth rate for the model
F2(R) in Fig. 7.11.
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Figure 7.10: (a) Cosmological evolution as a function of the redshift z and the scale dependence
on the comoving wavenumber k of the growth rate fg for the model F1(R). (b) Cosmological
evolution of the growth rate fg as a function of z in the model F1(R) for k = 0.1Mpc
−1 (green),
k = 0.01Mpc−1 (red) and k = 0.001Mpc−1 (blue).
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Figure 7.11: (a) Cosmological evolution as a function of the redshift z and the scale dependence
on the comoving wavenumber k of the growth rate fg for the model F2(R). (b) Cosmological
evolution of the growth rate fg as a function of z for the model F2(R). Legend is the same as
Fig. 7.10.
One way of characterizing the growth of the matter density perturbations could be to use the
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Figure 7.12: Constant growth index as a function of log k for the model F1(R) (a) and for the
model F2(R) (b). The bars express the 68% CL.
so-called growth index γ, which is defined as the quantity which satisfy the following equation:
fg(z) = Ωm(z)
γ(z) , (7.72)
with Ωm(z) = (8πGN )ρm/[3H
2] being the matter density parameter.
It is known that the growth index γ in Eq. (7.72) cannot be observed directly, but it can
be determined from the observational data of the growth factor fg(z) and the matter density
parameter Ωm(z) at the same redshift. Despite the fact that the growth index is not directly
observable quantity, it could have a fundamental importance in discriminating among the different
cosmological models since, for example, the growth factor fg(z), which may be estimated from
redshift space distortions in the galaxy power spectra at different z [216, 217], cannot be expressed
in terms of elementary functions and this fact makes the comparison among the different models
difficult.
Various parameterizations for the growth index γ have been proposed in the literature. At
the beginning, γ was taken constant [218, 219]. In the case of dark fluids with the constant EoS
parameter ω = ω0 in GR, it is γ = 3 (ω0 − 1) / (6ω0 − 5) (for the ΛCDM model, the growth index
is γ ≃ 0.545). Although taking γ constant is very appropriated for a wide class of dark energy
models in the framework of GR (for which |dγ(0)/dz| < 0.02), for modified gravity theories γ is
not a constant [220, 213] and the measurement of |dγ(0)/dz| becomes important in distinguishing
between different theories. For this reason, other parameterizations have been proposed. The case
of a linear dependence γ(z) = γ0 + γ1z, with γ0,1 constants, was treated in Ref. [221]. Recently,
an Ansatz of the type γ(z) = γ0 + γ1z/(1 + z) with γ0 and γ1 being constants was explored in
Ref. [222] and a generalization given by γ(z) = γ0 + γ1z/(1 + z)
α with α being a constant in
Ref. [213]. In the following, we study some of these parameterizations of the growth index for our
models F1(R) and F2(R).
γ = γ0
We start by considering the following Ansatz for the growth index,
γ = γ0 , (7.73)
where γ0 is a constant.
In Fig. 7.12, we display the results obtained by fitting Eq. (7.72) to the solution of Eq. (7.71)
for different values of the comoving wavenumber k for the models F1(R) and F2(R). We stress
that in these and following plots, the bars express the 68% confidence level (CL) and the point
denotes the median value. At first, we observe that the value of the growth index has a strong
dependence with log[k] and this scale dependence seems to be quite similar in both of the models.
In order to check the goodness of our fits, in Fig. 7.13 we show cosmological evolutions of the
growth rate fg(z) and Ωm(z)
γ0 as functions of the redshift z together for several values of the
comoving wavenumber k for the models F1(R) and F2(R). To clarify these results, in Fig. 7.14
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we also depict the cosmological evolution of the relative difference between fg(z) and Ωm(z)
γ0 as
a function of z for the same values of k in these models. For both models the function Ωm(z)
γ0
fits the growth rate for large scales (namely, lower k) very well, but this is not anymore the case
for larger values of k. In fact, if we do not consider lower values for z (namely, z < 0.2), for
log[k] = −2 the relative difference is smaller than 3% for the both models, while for log[k] = −1
can arrive up to almost 13%. For log[k] = −3, we see that the relative difference is always smaller
than 1.5% for the model F1(R), and smaller than 1% for the model F2(R).
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Figure 7.13: Cosmological evolutions of the growth rate fg (red) and Ω
γ
m (blue) with γ = γ0 as
functions of the redshift z in the model F1(R) for k = 0.1Mpc
−1 (a), k = 0.01Mpc−1 (b) and
k = 0.001Mpc−1 (c), and those in the model F2(R) for k = 0.1Mpc−1 (d), k = 0.01Mpc−1 (e) and
k = 0.001Mpc−1 (f).
2 4 6 8 z
0.05
0.10
0.15
0.20
0.25
fg -WmΓ
fg
(a)
2 4 6 8 z
0.05
0.10
0.15
0.20
0.25
0.30
fg -WmΓ
fg
(b)
Figure 7.14: Cosmological evolution of the relative difference
|fg−Ωγm|
fg
with γ = γ0 for k =
0.1Mpc−1 (red), k = 0.01Mpc−1 (blue) and k = 0.001Mpc−1 (green) in the model F1(R) (a)
and the model F2(R) (b).
γ = γ0 + γ1z
With the same procedure used in the previous case, we explore now a linear dependence for the
growth index as the following,
γ = γ0 + γ1z , (7.74)
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where γ0,1 are constants.
In Fig. 7.15, we plot the parameters γ0 and γ1 for different values of log[k] in both of the
models. Again, the scale dependence of the parameters γ0 and γ1 is similar in these models. We
can also find that γ0 ∼ 0.46 for the model F1(R) when log[k] ≤ −2, whereas γ0 ∼ 0.51 for the
model F2(R) when log[k] ≤ −2.5. Moreover, the value of γ1 has a strong dependence on k in the
range of log[k] > −2.25, but in the range of log[k] < −2.25 this dependence becomes weaker in
the both considered models.
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Figure 7.15: Growth index fitting parameters in the case γ = γ0 + γ1z as a function of log k for
the model F1(R) [(a) and (b)] and the model F2(R) [(c) and (d)]. Legend is the same as Fig. 7.12.
In Fig. 7.16, we depict cosmological evolutions of the growth rate fg(z) and Ωm(z)
γ(z) as
functions of the redshift z together for the models F1(R) and F2(R). We can see that the fits for
log[k] = 0.1 is improved with respect to the same fits of the case with a constant growth index.
Also, for log[k] < 0.1, the fits continue to be quite good. In order to demonstrate these facts
quantitatively, in Fig. 7.17 we plot the cosmological evolution of the relative difference between
fg(z) and Ωm(z)
γ(z) as a function of z for several values of k in the models F1(R) and F2(R). In
this case, for log[k] = −1 the relative difference is smaller than 7.5% in both the models if we
do not consider lower values for z (namely, z < 0.2). We also see that the linear growth index
improves the fits in both the models for log[k] = −2 in comparison with those for a constant
growth index. In this case, the relative difference for the model F1(R) is always smaller than 1%,
whereas that for model F2(R) is smaller than 2%. Finally, for log[k] = −3, the results obtained
for a constant growth index are similar to those for a linear dependence on z.
γ =
[
γ0 + γ1
z
1+z
]
As the last case, we examine the following Ansatz for the growth index,
γ = γ0 +
[
γ1
z
1 + z
]
, (7.75)
where γ0,1 are constants.
In Fig. 7.18, we plot the parameters γ0 and γ1 for several values of log[k] in both the models.
The scale dependence of these parameters on k is shown. The behavior of the parameter γ1 is
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Figure 7.16: Cosmological evolutions of the growth rate fg (red) and Ω
γ
m (blue) with γ = γ0+ γ1z
as functions of the redshift z in the model F1(R) for k = 0.1Mpc
−1 (a), k = 0.01Mpc−1 (b) and
k = 0.001Mpc−1 (c), and those in the model F2(R) for k = 0.1Mpc−1 (d), k = 0.01Mpc−1 (e) and
k = 0.001Mpc−1 (f).
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Figure 7.17: Cosmological evolution of the relative difference
|fg−Ωγm|
fg
with γ = γ0 + γ1z for
k = 0.1Mpc−1 (red), k = 0.01Mpc−1 (blue) and k = 0.001Mpc−1 (green) in the model F1(R) (a)
and the model F2(R) (b).
similar to that for the previous case, but we must take into account that the scale of the figures are
different from each other, and that for the present Ansatz the scale dependence of γ1 is stronger
than that for the previous one. We also see that γ0 ∼ 0.465 for the model F1(R) and γ0 ∼ 0.513
for the model F2(R) in the scale log[k] < −2.5.
In Fig. 7.19, we plot cosmological evolutions of the growth rate fg(z) and Ωm(z)
γ(z) in the
models F1(R) and F2(R) for different values of k. We observe that the fits for log[k] ≤ −2 are
quite good, but, for higher values of log[k], it seems that the fits are similar to those for a constant
growth rate and these fits do not reach the goodness of those for the case of γ = γ0 + γ1z.
In order to analyze the fits quantitatively, in Fig. 7.20 we display the cosmological evolution
of the relative difference between fg(z) and Ωm(z)
γ(z) for several values of k in the models F1(R)
and F2(R). We see that, if we do not consider z < 0.2, the relative difference for log[k] = −1 is
smaller than 12% in both of the models. Thus, it is confirmed that these fits are better than those
for the constant growth rate, but these are worse than those for γ = γ0 + γ1z. For lower values of
109
-2.5 -2.0 -1.5 -1.0Log kHMpc
-1L
0.50
0.55
0.60
0.65
0.70
0.75
0.80
Γ0
(a)
-2.5 -2.0 -1.5 -1.0Log kHMpc
-1L
-2.0
-1.5
-1.0
-0.5
0.0
Γ1
(b)
-2.5 -2.0 -1.5 -1.0Log kHMpc
-1L
0.55
0.60
0.65
0.70
0.75
0.80
Γ0
(c)
-2.5 -2.0 -1.5 -1.0Log kHMpc
-1L
-2.0
-1.5
-1.0
-0.5
0.0
Γ1
(d)
Figure 7.18: Growth index fitting parameters in the case γ = γ0+γ1
z
1+z as a function of log k for
the model F1(R) [(a) and (b)] and the model F2(R) [(c) and (d)]. Legend is the same as Fig. 7.12.
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Figure 7.19: Cosmological evolutions of the growth rate fg (red) and Ω
γ
m (blue) with γ = γ0+γ1
z
1+z
as functions of the redshift z in the model F1(R) for k = 0.1Mpc
−1 (a), k = 0.01Mpc−1 (b) and
k = 0.001Mpc−1 (c), and those in the model F2(R) for k = 0.1Mpc−1 (d), k = 0.01Mpc−1 (e) and
k = 0.001Mpc−1 (f).
log[k], the relative difference is smaller than 2% for z > 0.2.
In conclusion, through the investigations of these different Ansatz for the growth index, we can
say that γ = γ0+γ1z is the parameterization that fits Eq. (7.72) to the solution of Eq. (7.71) better
in a wide range of values for k. Moreover, despite the fact that the behavior of the parameters
γ0 and γ1 in the models F1(R) and F2(R) is quite similar to each other, in order to distinguish
between these models, in Fig. 7.15 we can see that the more differences between these models
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Figure 7.20: Cosmological evolution of the relative difference
|fg−Ωγm|
fg
with γ = γ0 + γ1
z
1+z for
k = 0.1Mpc−1 (red), k = 0.01Mpc−1 (blue) and k = 0.001Mpc−1 (green) in the model F1(R) (a)
and the model F2(R) (b).
come from the values of γ0 for log[k] ≤ −2. In fact, as we observed before, for log[k] ≤ −2.5 we
get γ0 ∼ 0.46 for the model F1(R) and γ0 ∼ 0.51 for the model F2(R).
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Chapter 8
Inflation in F (R)-exponential gravity
In this Chapter, we will ultimate the numerical analysis of viable F (R)-gravity by studying the
early-time acceleration. By applying the two viable (exponential) models described in Chapter 6 to
inflationary cosmology and executing the numerical analysis of the inflation process, we illustrate
that the exit from inflation can be realized. Concretely, we demonstrate that different numbers
of e-folds during inflation can be obtained by taking different model parameters in the presence
of ultrarelativistic matter, the existence of which makes inflation end and leads to the exit from
it. Indeed, we observe that at the end of the inflation, the effective energy density as well as the
curvature of the universe correctly decrease.
8.1 Analysis of inflation
In order to study and understand the phenomenology of inflation, it is worth rewriting Eq. (7.5)
by introducing a suitable scale factor M2 at the inflation. For example, for our inflation models
(6.21)–(6.22), we can choose M2 = Λi. The effective “modified gravity” energy density yH(z) is
now defined as
yH(z) ≡ ρMG
M2/κ2
=
3H2
M2
− χ˜(z + 1)4 , (8.1)
in analogy with (7.2). In the above expression, we have replaced ρDE with ρMG and we have
neglected the contribution of standard matter. We suppose the presence of ultrarelativistic mat-
ter/radiation in the hot universe scenario, whose energy density ρrad at the redshift equal to zero
is related with the scale as
χ˜ =
κ2ρrad
M2
. (8.2)
Since the results are independent of the redshift scale, we set z = 0 at some times around the end
of inflation. Equation (7.5) reads
y′′H(z)−
y′(z)
z + 1
{
3 +
1− F ′(R)
2M2F ′′(R) [yH(z) + χ˜(z + 1)4]
}
+
yH(z)
(z + 1)2
{
2− F ′(R)
M2F ′′(R) [yH(z) + χ˜(z + 1)4]
}
+
(F ′(R)− 1)2χ˜(z + 1)4 + (F (R)−R)/M2
(z + 1)2 2M2F ′′(R) [yH(z) + χ˜(z + 1)4]
= 0 . (8.3)
Moreover, the Ricci scalar is expressed as
R = M2
[
4yH(z)− (z + 1)dyH(z)
dz
]
. (8.4)
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Thus, by considering the perturbation y1(z) around the de Sitter solution y0 describing inflation,
as in Eq. (7.8), from Eq. (8.3), if we assume the contribute of ultrarelativistic matter to be much
smaller than y0, we easily find
yH(z) ≃ y0 + y1(z) ,
y1(z) = C0(z + 1)
x , (8.5)
whith
x =
1
2
(
3−
√
25− 16F
′(RdS)
RdSF ′′(RdS)
)
, (8.6)
where RdS = 4M
2y0 and x < 0 if the de Sitter point is unstable (in such a case, condition (2.36)
is violated). Thus, the perturbation y1(z) in (8.5) grows up in expanding universe as [194],
y1(z) = y1(zi)
[
(z + 1)
(zi + 1)
]x
. (8.7)
Here, we have considered C0 = y1(zi)/(zi + 1)
x, zi being the redshift at the beginning of inflation
where perturbation is bounded. When y1(z) is on the same order of the effective modified gravity
energy density y0 of the de Sitter solution, the model exits from inflation. Thus, we may evaluate
the characteristic number of e-folds during inflation
N = log
[
zi + 1
ze + 1
]
, (8.8)
as
N ≃ 1
x
log
[
y1(zi)
y0
]
. (8.9)
The inflation ends at the redshift z = ze. A value demanded in most inflationary scenarios is at
least N = 50–60.
A classical perturbation on the (vacuum) de Sitter solution may be given by the presence of
ultrarelativistic matter in the early universe.
8.2 Numerical analysis of inflation in exponential gravity
In this Section we will analyze the Model I (6.21) and the Model II (6.22) introduced in § 6.4 in
the context of exponential gravity. This systems give rise to the de Sitter solution of the inflation
where the universe expands in an accelerating way but, suddenly, it exits from inflation and tends
towards the minimal attractor at R = 0 (the trivial de Sitter point). In this way, the small
curvature regime arises and the physics of the ΛCDM Model is reproduced [194].
Model I
Let us consider the Model I given by (6.21). Following the analysis carried out in § 6.4.1, we
set R0 = Λ ,Λ = 10
−66eV2 and Λi = 10100Λ (however, since we choose the mass scale M2 = Λi,
all the results will be independent on the expected value of effective cosmological constant during
inflation, while Λ is negligible). Moreover, we take γ¯ = 1, and choose n = 4 and Ri = 2Λi to
avoid the antigravity effects. We analyze the three different cases α = 5/2 , 8/3 , and 11/4, so that
R˜i = 4Λi , 6Λi , and 8Λi, namely this paramter corresponds to the de Sitter solutions RdS for which
the inflation is realized in the three different cases under consideration.
Despite the fact that the values of α are very close each other, the values of RdS and x
in Eq. (8.6) significantly change and the reactions of the system to small perturbations are
completely different. By starting from Eq. (8.9), we may reconstruct the rate y1(zi)/y0 between
the abundances of ultrarelativistic matter/radiation and modified gravity energy at the beginning
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of inflation in order to obtain a determined number of e-folds during inflation in the three cases, by
taking into account that x = −0.086, −0.218, and −0.270 for α = 5/2, 8/3, and 11/4, respectively.
For example, in order to have N = 70, for α = 5/2, a perturbation of y1(zi)/y0 ∼ 10−3 is
necessary; for α = 8/3, a perturbation of y1(zi)/y0 ∼ 10−7 is sufficient; whereas for α = 11/4,
y1(zi)/y0 ∼ 10−9. The system becomes more unstable, as (3− α) is closer to zero.
In studying the behavior of the cosmic evolution in Model I, we put M2 = Λi in Eq. (8.3) and
set χ˜ = 10−4 y0/(zi+1)4 for the case α = 5/2 and χ˜ = 10−6 y0/(zi+1)4 for the cases α = 8/3, 11/4.
In these choices, the effective energy density originating from the modification of gravity is 104
and 106 times larger than that of ultrarelativistic matter/radiation during inflation. By using
Eq. (8.9), we can predict the following numbers of e-folds:
N ≃ 107 (for α = 5/2) ,
N ≃ 64 (for α = 8/3) ,
N ≃ 51 (for α = 11/4) . (8.10)
In order to solve Eq. (8.3) numerically, we use the initial conditions


yH(z)
∣∣∣
zi
= RdS4Λi ,
dyH(z)
d(z)
∣∣∣
zi
= 0 ,
(8.11)
at the redshift zi ≫ 0 when inflation starts. We put zi = 1046, 1027, and 1022 for α = 5/2, 8/3,
and 11/4, respectively (just for a more comfortable reading of the graphics). We also remark that
the initial conditions are subject to an artificial error that we can estimate to be in the order of
exp [− (RdS/Ri)n] ∼ 10−7. This is the reason for which we only consider χ˜ > 10−7.
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Figure 8.1: Plots of yH [a-c] and ωMG [d-f] as functions of the redshift z for Model I with α = 5/2
[a-d], α = 8/3 [b-e] and α = 11/4 [c-f].
In Fig. 8.1, we illustrate the cosmological evolutions of yH and the corresponding modified
gravity EoS parameter ωMG (defined in the same way of ωDE in Eq. (7.4)) as functions of the
redshift z in the three cases. We can see, during inflation ωMG is indistinguishable from the value
of -1 and yH tends to decrease very slowly with respect to yH = 1 , 3/2 , 2 for α = 5/2 , 8/3 , 11/4, so
that the curvature can be the expected de Sitter one, RdS(= 4yH) = 4Λi , 6Λi , 8Λi. The expected
values of ze at the end of inflation may be derived from the number of e-folds in (8.10) during
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inflation and read ze ≃ −0.47 for α = 5/2; ze ≃ −0.74 for α = 8/3; ze ≃ −0.39 for α = 11/4. The
numerical extrapolation yields
yH(ze) = 0.83yH(zi) , R(ze) = 0.825RdS , (for α = 5/2) ;
yH(ze) = 0.88yH(zi) , R(ze) = 0.853RdS , (for α = 8/3) ;
yH(ze) = 0.92yH(zi) , R(ze) = 0.911RdS , (for α = 11/4) .
To confirm the exit from inflation, in Fig. 8.2 we plot the cosmological evolutions of yH and R/Λi
as functions of the redshift z in the region −1 < z < 1, where ze is included. The effective modified
gravity energy density and the curvature decrease at the end of inflation and the physical processes
described by the ΛCDM model can appear.
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Figure 8.2: Cosmological evolution of yH [a-c] and R/Λi [d-f] as functions of the redshift z in the
region −1 < z < 1 for Model I with α = 5/2 [a-d], α = 8/3 [b-e] and α = 11/4 [c-f].
Model II
Next, we investigate Model II in Eq. (6.22) analyzed in § 6.4.2. Here, we put n = 3 and Ri = 2Λi,
we take γ¯ = 1 again and we execute the same numerical evaluation for α = 5/2, 13/5, 21/8 in this
model as that in the previous case for Model I. The corresponding R˜i parameters and de Sitter
curvatures of inflation are R˜i(= RdS) = 4Λi, 5Λi, 16Λi/3. Now, we obtain the factor in Eq. (8.6)
for instability as x = −0.086, −0.170, and −0.188 for α = 5/2, 13/5, and 21/8, respectively.
Hence, we set χ˜ = 10−3 y0/(zi + 1)4 for α = 5/2, χ˜ = 10−4 y0/(zi + 1)4 for α = 13/5, and
χ˜ = 10−5 y0/(zi + 1)4 for α = 21/8. As a consequence, the numbers of e-folds during inflation
result in N = 80, 54, and 61. The initial conditions are the same as those in the previous case in
(8.11). Furthermore, we put zi = 10
34, 1022, and 1026 for α = 5/2, 13/5, and 21/8.
Through the numerical extrapolation, at the expected values of ze at the end of inflation,
ze = −0.80, −0.97, and −0.71, we aquire the following values for the effective modified gravity
energy density and the Ricci scalar:
yH(ze) = 0.82yH(zi) , R(ze) = 0.813RdS , (for α = 5/2) ;
yH(ze) = 0.84yH(zi) , R(ze) = 0.884RdS , (for α = 13/5) ;
yH(ze) = 0.79yH(zi) , R(ze) = 0.780RdS , (for α = 21/8) .
For this model, in Fig. 8.3 we depict the cosmological evolutions of yH and R/Λi as functions of
the redshift z in the region −1 < z < 1 at the end of inflation. Again in this case, the effective
modified gravity energy density and curvature decrease.
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Figure 8.3: Cosmological evolution of yH [a-c] and R/Λi [d-f] as functions of the redshift z in the
region −1 < z < 1 for Model II with α = 5/2 [a-d], α = 13/5 [b-e] and α = 21/8 [c-f].
As a result, we have proved that it is possible to acquire a gravitational scenario for an unified
description of inflation in the early universe with the late-time cosmic acceleration due to the the
physical processes described by ΛCDM-like dark energy domination.
Here, we note that at the inflationary stage, radiation is negligible, as in the ordinary inflation-
ary scenario. It causes the perturbations at the origin of instability. This point has been shown in
a numerical way by using radiation, whose energy density is six order of magnitude smaller than
that of dark energy.
It should be emphasized that in § 6.4 of Chapter 6, as a first step, we have concentrated on
the possibility of the realization of inflation, and here we have shown via numerical evaluation
that realistic cosmological scenario may be realized in an unified therory by using exponential
models. However, important issues in inflationary cosmology such as the graceful exit problem
of inflation, the following reheating process, and the generation of the curvature perturbations,
whose power spectrum has to be consistent with the anisotropies of the CMB radiation obtained
from the Wilkinson Microwave Anisotropy Probe (WMAP) Observations, have not been analized
and may be crucial future works for this kind of unified theories.
For the sake of completeness, in Appendix C, as an example, we also present the conformal
transformation of Model I (6.21) to study the slow-roll parameters of inflation.
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Chapter 9
BH and dS-solutions in a covariant
renormalizable field theory of gravity
Some attempts to quantize gravity have been carried out in the past by considering the per-
turbations of a flat, Lorentz invariant background, and starting from the principles of General
Relativity, but, unfortunately, unavoidable, non-renormalizable divergences appear from the ul-
traviolet (UV) region in momentum space. To solve this problem, higher derivative theories have
been invoked, but there emerges a new problem, the so called unitarity issue [223].
In 2009, Hořava proposed to directly modify the ultraviolet behavior of the graviton propagator
in a Lorentz non-invariant way [224], as 1/|~k|2z , with |~k| the norm of the the spatial momenta ~k
and z = 2, 3 or higher. This exponent comes from the (anisotropic) scaling properties of the space-
time coordinates (t, ~x), namely t → bzt, ~x → b~x, with b the rescaling parameter. The advantage
of this theory is that, for z = 3, it is UV power-counting renormalizable and the conjecture of
renormalizability is aquired. In order to get the Lorentz non-invariance, some terms explicitly
break the Lorentz invariance (or, more precisely, the full diffeomorphism invariance), by treating
the temporal and the spatial coordinates differently. The Horawa model has diffeomorphism
invariance with respect to the time coordinate t only, while for the spatial coordinates one obtains
for the variations δxi = ζi(t, ~x), δt = f(t), with ζi(t, ~x) and f(t) arbitrary functions of t and ~x
and of t only, respectively.
In Ref. [225], a Hořava-like gravity model with full diffeomorphism invariance was proposed.
Here, in considering perturbations from a flat, Lorentz invariant background, the Lorentz invari-
ance of the propagator is dynamically broken by a non-standard coupling with a perfect fluid. The
propagator behaves as 1/|~k|2z, with z = 2, 3 or higher in the ultraviolet region and it is possible to
show that the model could be perturbatively power counting (super-)renormalizable by requiring
z ≥ 3. However, an unknown fluid, which might have a stringy origin but cannot correspond to
an usual fluid (i.e. radiation, baryons, dust...) emerges form the theory, since the model can be
consistently constructed only if the EoS parameter of fluid ωF is ωF 6= −1 , 1/3. For usual particles
in the high energy region, the corresponding fluid must be ultrarelativistic matter/radiation, for
which ωF = 1/3, but here we need the non-relativistic fluid even in the high energy region. Later, a
dust fluid with ωF = 0 was constructed for the scalar theory by introducing a Lagrange-multiplier
field [226, 227].
In Ref. [228], a fluid with arbitrary constant ωF from a scalar field which satisfies a constraint
has been investigated. It is shown that, due to the constraint, the scalar field is not dynamical
and, even in the high energy region, a non-relativistic fluid can be derived. Through coupling with
the fluid, a full diffeomorphism class of invariant Lagrangians results. It has been demonstrated
that such kind of theory posseses all the good properties of the Lorentz non-invariant gravities,
like the conjecture of renormalizability [229], and has the advantage of being at the same time a
covariant theory. In addition, it has been conjectured that it may exhibit the spatially-flat FRW
solution for accelerating universe.
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In the present Chapter, we will show that this is the case. We will consider the covariant renor-
malizable theory and we will demonstrate that Schwarzschild black hole and de Sitter solutions
exist as exact solutions [230].
9.1 Black hole solutions in covariant (power-counting) renor-
malizable gravity.
To start, let us briefly review the covariant (power-counting) renormalizable gravity of Ref. [225].
It is described by the action
I =
1
2κ2
∫
M
d4x
√−g
{
R− 2Λ− α
[(
Rij − β
2
Rgij
)
∇iφ∇jφ
]n
− λ
(
1
2
gij∇iφ∇jφ+ U0
)}
,
(9.1)
where φ is a cosmological scalar field, λ a Lagrangian multiplier, α, β,Λ, U0 are arbitrary constants
and, finally, n ≥ 1 is an arbitrary number. Variation of the action with respect to λ gives the
constraint
gij∇iφ∇jφ = −2U0 , (9.2)
while the field equations for the scalar field read
0 = ∇i
{[
2nαFn−1
(
Rij − β
2
Rgij
)
+ λ gij
]
∇jφ
}
=
1√−g ∂i
{[
2nαFn−1
(
Rij − β
2
Rgij
)
+ λ gij
] √−g ∂jφ
}
, (9.3)
where, for convenience, we have putted
F = TijR
ij − β
2
RT , Tij = ∇iφ∇jφ , T = gijTij = −2U0 . (9.4)
The field equations related to the gravitational field have the form
Gij + Λgij +
α
2
Fn gij = nαF
n−1
[
Rki Tkj +R
k
jTki −
β
2
(TRij +RTij)
]
+
λ
2
Tij
+nα
[
Drsij(T
rsFn−1)− β
2
Dij(TF
n−1)
]
+Ωrs
δTrs
δgij
, (9.5)
where Gij is the usual Einstein’s tensor, Ωrs is a tensor which will play no role in the following,
and we have introduced the differential operators
Dij = gij− 1
2
(∇i∇j +∇j∇i) , (9.6)
Drsij =
1
4
[(girgjs + gjrgis)+ gij(∇r∇s +∇s∇r)
−(gir∇s∇j + gjr∇s∇i + gis∇r∇j + gjs∇r∇i)] . (9.7)
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Note that the field equations (9.5) are valid for an arbitrary, symmetric ‘energy-momentum’ tensor
Tij , but in our particular case such a tensor does not depend on the metric and so the last term
in Eq. (9.5), depending on Ωrs, drops out. Now, we look for interesting physical solutions of the
field equations above.
Schwarzschild solution
This is the simplest one and can be easily obtained for Λ = 0 and n > 1. In fact, in all such
cases Rij = 0, λ = 0 satisfy all field equations and Schwarzshild solution (2.59) can be recovered.
The scalar field φ has to fulfill the constraint (9.2) only.
Einstein-space solutions
These are generalizations of the previous solution. They have the form
Rij =
1
4
R0 gij . (9.8)
Here, R = R0 is a constant Ricci scalar. In such a case,
F =
(
β − 1
2
)
R0U0 ≡ F0 , (9.9)
where F0 is a constant and, from Eq. (9.3) and Eq. (9.5), we get
gij∇i
[
nα
(
1
2
− β
)
R0F
n−1
0 + λ
]
∇jφ = 0 , (9.10)
[
Λ− R0
4
+
α
2
(
1 +
nβ
1− 2β
)
Fn0
]
gij =
λ
2
Tij + nαF
n−1
(
Drsij T
rs +
1− β
2
R0Tij
)
. (9.11)
We see that non-trivial solutions effectively exist. For example, if λ and φ satisfy the equations
λ = nα
(
β − 1
2
)
R0F
n−1
0 , (9.12)
Drsij T
rs +
1
4
R0Tij = Σgij , (9.13)
Σ being a constant, the curvature can be derived from the algebraic equation
R0
4
− Λ + α
{
nΣ +
R0U0
4
[1− (n+ 2)β]
} [(
β − 1
2
)
R0U0
]n−1
= 0 . (9.14)
Of course, this is a solution if the Eqs. (9.12)–(9.13) are compatible with the constraint (9.2). In
principle, more general solutions with non-constant Λ may exist too.
9.2 Cosmological applications
We shall now look for cosmological solutions and thus we start with a FRW metric (2.5), and a
scalar field which depends on time only. Thus, φ = φ(t) is completely determined by the constraint
(9.2) and, as a consequence, the tensor Tij has only one non-vanishing component, namely
T00 ≡ φ˙2 = 2U0 , (9.15)
where we have used the constraint (9.2).
Since all quantities depend on time only, Eq. (9.3) gives
λ− nα
[
6
(
(β − 1)H˙ + (2β − 1)H2
)]n
Un−10 =
C0
a3
, (9.16)
H being, as usually, the Hubble parameter and C0 an arbitrary integration constant. Moreover,
due to the symmetry of the metric in field equations (9.5), only two equations are independent.
It is clear that, by choosing β = 1, one has a simplification, namely
0 = Λ− 3H2 + 1
2
α (1 − 4n)(6U0H2)n + U0λ , (9.17)
0 = Λ− 3H2 − 2H˙ + 1
2
α(1 − 2n)(6U0H2)n + 1
3
αn(1 − 2n)H˙(6U0)nH2n−1 . (9.18)
Now, in the latter equations, λ can be eliminated by means of Eq. (9.16), getting in this way the
generalized Friedmann equations for the pure gravitational field. We have
0 = Λ− 3H2 + 1
2
α (1 − 2n)(6U0H2)n − C0
a3
, (9.19)
0 = Λ− 3H2 − 2H˙ + 1
2
α(1 − 2n)(6U0H2)n + 1
3
αn(1 − 2n)H˙(6U0)nH2n−1 . (9.20)
One easily sees that, in order to get de Sitter solutions, one has to choose a vanishing integration
constant, that is C0 = 0. In this way the previous equations become equivalent and one obtains a
constant Hubble parameter H0, namely H = H0, by solving
1
2
α (2n− 1)(6U0H20 )n + 3H20 − Λ = 0 . (9.21)
On the contrary, choosing C0 6= 0, one gets a second-order differential equation in the scale factor
a(t). A simple way to get such equation is to make use of the well known minisuperspace approach,
which we have briefly described in § 2.4 referring to SSS solutions of F(R,G)-gravity.
Recall we are dealing with the FRW space-time (2.5) with non constant N(t) function, which
describes the reparametrization invariance of the model. As a result, for β generic, one has
F = Kij∂iφ∂jφ =
(
Rij − β
2
Rgij
)
∂iφ∂jφ =
3(φ˙)2
N4
[
(a˙)2a−2 + (β − 1)
(
a¨
a
− a˙N˙
aN
)]
. (9.22)
Here, N = N(t), a = a(t) and φ = φ(t) are functions of time t only. One can see the particular
role played by the dimensionless parameter β. If one makes the choice β = 1, namely Kij = Gij ,
where Gij is the Einstein’s tensor, the dependence on the acceleration a¨ and N˙ drops out. In fact,
due precisely to the diffeomorphism invariance of the model, G00 is the Hamiltoniam constraint of
GR and the modified gravitational fluid model becomes very simple, so that one has the following
simplified (effective) minisuperspace action
Iˆ =
1
2κ2
∫
M
dt
[
−6a(a˙)2N−1 − 2Λa3N − α3nN (1−4n)(a˙)2na−2n+3(φ˙)2n − λa3N
(
U0 − (φ˙)
2
2N2
)]
.
(9.23)
In this case, one has two Lagrangian multipliers λ and N , the first one implements the constraint
U0 =
(φ˙)2
2N2
, (9.24)
while the second gives the Hamilonian constraint of our covariant model. After the variation, one
has to take the gauge N = 1. The other two Lagrangian coordinates are φ and a, and one has the
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corresponding equations of motion. Let us continue with the equation of motion associated with
N . On shell, one gets
6H2 − α(1− 4n)(6U0)nH2n − 2Λ = 2λU0 . (9.25)
On the other hand, since the Lagrangian does not depend on φ, the associated equation of motion
reads
C0 =
∂L
∂φ˙
, (9.26)
where L is the Lagrangian and C0 is a constant of integration. On shell,
− 2nα(6U0)nH2n + 2λU0 = C0
√
2U0
a3
. (9.27)
Making use of the two last equations, we arrive at
6H2 − α(1 − 2n)(6U0)nH2n − 2Λ = C0
√
2U0
a3
. (9.28)
Finally, the last equation of motion is the one associated with a. It reads
(6H2 − α(1 − 2n)(6U0)nH2n − 2Λ) = −
(
4 + α
2n
3
(2n− 1)(6U0)nH2n−2
)
H˙ . (9.29)
Making use of above equations, we also have
C0
√
2U0
a3
= −
(
α
2n
3
(2n− 1)(6U0)nH2n−2 + 4
)
H˙ . (9.30)
Some remarks are here in order. The equations we have obtained are identical to the ones coming
directly from the equations of motion. In particular, as in General Relativity, the equation of mo-
tion associated with a is not an independent one, since it can be obtained by taking the derivative
with respect to t of the other equations and de Sitter solution, for which H˙ = 0 and H = H0,
where H0 is a constant, corresponds to the choice C0 = 0. In this case, Eq. (9.30) is satisfied, and
we find Eq. (9.21).
With regard to the dS-solution of Eq. (9.21), one needs to look for positive H20 solutions with
α > 0, a necessary condition in order to have a correct non linear graviton dispersion relation [225].
With regard to this issue, let us consider the simplest non trivial case, namely n = 2. One has as
a solution
H20 =
−1 +
√
1 + 24αU20Λ
36αU20
. (9.31)
Note that, for Λ = 0, the de Sitter solution exists only for α < 0, which would correspond to an
unusual dispersion relation for the graviton.
The stability of all de Sitter solutions is not difficult to study. In fact taking the first variation
of Eq. (9.29) around H = H0, one obtains
δH˙ = −3H0δH . (9.32)
As a consequence, all the de Sitter solutions are stable.
Let us investigate the case when C0 is non-vanishing. In this case a de Sitter solution does
not exist. Then, we may take Λ = 0. First, let us study the model with n = 2. In this case, with
α > 0, one has the differential equation from Eq. (9.30),
dH
dt
= −3
2
H2 + 18αU20H
4
1 + 36αU20H
2
. (9.33)
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Separating variables, one gets
1
H
− 6U0
√
α
2
arctan
(
6U0
√
α
2
H
)
=
3
2
t+B0 , (9.34)
where B0 is an integration constant. The solution is given in an implicit way only. However,
even then it is easy to show that the model is protected against future-time singularities. In
fact, let us look for Big Rip solutions in which the Hubble parameter is as in Eq. (4.1), namely
H(t) = h0/(t0 − t)β . When β > 0, 1/H tends to zero and the arctangent tends to a constant and
the sign of the first leading term on the left hand side of Eq. (9.34) is inconsistent with the sign of
the right hand side. Moreover, when β < 0, the left side of Eq. (9.34) diverges. As a consequence,
no singular future solution can exist.
In the general case, we can investigate the possible presence of acceleration. In fact, with
Λ = 0, one has
H˙
H2
+ 1 =
1
(2 + αn3 (2n− 1)(6U0)nH2n−2)
[−1 + α(2n− 1)(2n− 3)6n−1Un0 H2n−2] . (9.35)
As a result, one may have acceleration as long as
H2n−2 >
1
α(2n− 1)(2n− 3)6n−1Un0
. (9.36)
In particular, for n = 2 this condition becomes
H2 >
1
18αU20
. (9.37)
Coming back to the general model, it turns out that for β 6= 1 calculations are much more involved,
since a¨ is present in the Lagrangian, and the model becomes a higher-derivative system in the sense
of Ostrogradsky. However, we may carry out a direct calculation, which shows that a dS-solution
is not possible there.
9.3 Entropy calculation
It is of interest to evaluate the black hole entropy associated with the different solutions we have
discussed. Since we are dealing with a covariant theory, we can make use of the Noether charge
Wald methods, as in Chapter 3. A direct evaluation of formula (3.87) yields (cf. with Ref. [196]),
SW = −2π
∫
M
∂L
∂Rijrs
∣∣∣
H
εijεrsdΣ = − 1
8GN
∫
M
[
εijε
ij − nαFn−1 ∂F
∂Rijrs
εijεrs
] ∣∣∣
H
dΣ . (9.38)
The first term is the GR contribution, while the other one is due to the modification of GR in the
considered model. However, in the case of the Schwarzschild solution one has F = 0 and Eq. (3.62)
is found. As a consequence, in this modified gravity model, the entropy of the Schwarzschild black
hole satisfies the usual Area Law, SW = AH/(4GN ).
Let us now consider the dS-solution we have found for β = 1 and n = 2 in Eq. (9.31). The
simplest way to perform the calculation is to make use of the static gauge, namely
ds2 = −V (ρ)dt2s +
dρ2
V (ρ)
+ ρ2dΩ2 , (9.39)
being V (ρ) = 1 − H20ρ2 and dΩ2 = (dθ2 + sin2 θdφ2). This static form of the dS-metric can be
obtained from the coordinate transformation of FRW metric
ρ = reH0t , ts = t− 1
2H0
lnV (ρ) . (9.40)
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The solution of Eq. (9.15) corresponding to the scalar fluid reads
φ(ts, ρ) =
√
2U0
[
ts +
1
2H0
lnV (ρ)
]
. (9.41)
The relevant scalar quantity to be evaluated is
∂F
∂Rijrs
εijεrs = −2U0 + εijεrs∂iφ∂rφgjs , (9.42)
In general, the binormal tensor is given by εij = viuj − vjui and, in a static gauge, it is easy to
show that one may choose vi = (
√
V , 0, 0, 0) and ui =
(
0, 1√
V
, 0, 0
)
. A direct calculation yields
εijεrs∂
iφ∂rφgjs = 2U0 . (9.43)
Thus, the Area Law is also satisfied for the de Sitter solution we have found, confirming that, for
β = 1, we are dealing with a minimal modification of General Relativity.
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Chapter 10
An introduction to F (T )-gravity:
dark matter in teleparallel gravity
Recently, a new type of modified gravity theories, namely the F (T )-theories of gravity, has
been proposed. These models are based on the “teleparallel” equivalent of General Relativity
(TEGR) [231, 232], where, instead of using the curvature defined via the Levi-Civita connection
[233]-[236], one uses the Weitzenbo¨ck connection, which has no curvature R but only torsion T ,
in order to explain inflation and the late time accelerated expansion of the universe. The field
equations of F (T )-gravity are 2nd order differential equations and this fact makes these theories
simpler than the ones where modification is via curvature invariants (see Refs. [237]-[285] for
recent developments). The proprieties of F (T )-gravity have been diversely explored, for example
the local Lorentz invariance [286]-[289], non-trivial conformal frames and thermodynamics [290]-
[293]. In this Chapter we will furnish a brief review of F (T )-gravity, we will look for the field
equations of the theory in FRW universe and we will show a nice application of teleparallel gravity
in describing the galaxies and the dark matter fenomenology.
10.1 General aspects of F (T ) gravity
The action of F (T )-gravity theory reads
I =
∫
M
d4x (e)
[
F (T )
2κ2
+ L(matter)
]
, (10.1)
where, as usually, L(matter) is the matter Lagrangian. Moreover, T is the torsion scalar (see below)
and e (we will find, e =
√−g, where g is the usual determinant of metric tensor) is defined as
e = det [eiµ], such that e
i
µ = e
i
µ(x
µ) are the components of the vierbein vector field eA(x
µ) in the
coordinate basis eA ≡ eµA(xµ)∂µ. Here, the index i, µ and therefore the index ‘A’ run over 0, ..., 3.
Note that in the teleparallel gravity, the dynamical variable is given by the vierbein field eA(x
µ),
since the metric element reads
ds2 ≡ gµνdxµdxν = ηabθaθb, (10.2)
where
θa = eaµdx
µ , dxµ = e µa θ
a, (10.3)
gµν being the metric of the space-time, ηab the Minkowski’s metric, θ
a the tetrads and eaµ and
their inverses e µa the tetrads basis. The tetrad basis satisfy the folllowing relations:
eaµe
ν
a = δ
ν
µ, e
a
µe
µ
b = δ
a
b . (10.4)
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A a consequence, the root of the metric determinant which effectively appears in the Lagrangian
is given by √−g = det[eaµ] = (e) . (10.5)
The standard Weitzenbok’s connection reads
Γαµν = e
α
i ∂νe
i
µ = −ei µ∂νe αi . (10.6)
As a result, the covariant derivative, denoted by Dµ, satisfies the equation
Dµe
i
ν := ∂µe
i
ν − Γλνµeiλ = 0. (10.7)
Thus, the components of the torsion and the contorsion are given by


Tαµν = Γ
α
νµ − Γαµν = e αi
(
∂µe
i
ν − ∂νei µ
)
,
Kµνα = − 12 (T µνα − T νµα − T µνα ) .
(10.8)
Now, if we define the following tensor from the components of torsion and contorsion
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (10.9)
we finally obtain the torsion scalar T ,
T = TαµνS
µν
α . (10.10)
In order to derive the EOMs, we need the following quantities,
∂L
∂eaµ
= F (T ) e e µa + 4e FT (T )e
α
a T
σ
ναS
µν
σ +
∂L(matter)
∂eaµ
, (10.11)
and
∂α
[
∂L
∂(∂αeaµ)
]
= −4FT (T )∂α (e e σa S µνσ )− 4ee σa S µασ ∂αT FTT (T ) + ∂α
[
∂L(matter)
∂(∂αeaµ)
]
, (10.12)
where L is the total Lagrangian density of the theory and we have putted
FT (T ) =
dF (T )
dT
, FTT (T ) =
d2F (T )
dT 2
. (10.13)
In what follows, where is not necessary, we will drop out the argument of such functions. By
making use of the Euler-Lagrange equations with (10.11)–(10.12), we get
S µαβ ∂αT FTT (T ) +
[
e−1eaβ∂α (ee
σ
a S
µα
σ ) + T
σ
νβS
µν
σ
]
FT (T ) +
1
4
δµβF (T ) =
κ2
2
T
(matter)µ
β ,(10.14)
where
T
(matter)µ
β = −
e−1eaβ
2κ2
{
∂L(matter)
∂eaµ
− ∂α
[
∂L(matter)
∂(∂αeaµ)
]}
, (10.15)
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turns out to be the matter stress energy tensor. If we consider the case of teleparallel gravity
(TG), namely F (T ) = T , then the trace of gravitional field equations reduce to
T − 2e−1∂σ(eTρρσ) = κ2T (matter)µµ , (10.16)
which shows an equivalence between GR and TG [294], due to the fact that
−R = T − 2e−1∂σ(eTρρσ) , (10.17)
and we see that (10.16) is the trace of Einstein’s equations.
10.2 The FRW universe in generalized teleparallel gravity
In generalized teleparallel gravity, the field equations for homogeneous and isotropic FRWmetric
(2.5) are derived as
− 2TFT + F = 2κ2ρm, (10.18)
−8H˙TFTT + (2T − 4H˙)FT − F = 2κ2pm, (10.19)
where ρm and pm are, as usually, the energy density and pressure of matter which satisfy the
continuity equation (2.20.) Moreover, the torsion scalar reads
T = −6H2 . (10.20)
The field equations (10.18)–(10.19) with conservation law (2.20) are equivalent to
Mˆ1F = 2κ
2ρm , (10.21)
Mˆ2F = −Mˆ3Mˆ1F = 2κ2pm , (10.22)
Mˆ3ρm = −pm , (10.23)
where


Mˆ1 = −2T∂T + 1 ,
Mˆ2 = −8H˙T∂2TT + (2T − 4H˙)∂T − 1 = (4H˙∂T − 1)Mˆ1 = −( 13H ∂t + 1)Mˆ1 = −Mˆ3Mˆ1 ,
Mˆ3 =
1
3H ∂t + 1 .
(10.24)
By using these equations we may construct high hierarchy of F (T )-gravity. For the vacuum case
(ρm = pm = 0), such hierarchy reads (
Mˆ1
)n
Fn = 0 , (10.25)
where Fn indicates the solution of the corresponding equation. For n = 1, we have F1 = F and
we recover Eq. (10.21). Then, we have
− 2TF1T + F1 = 0 , n = 1 ;
4T 2F2TT + F2 = 0 , n = 2 ;
−8T 3F3TTT − 12T 2F3TT − 2TF3T + F3 = 0 , n = 3 ;
...
and so on. Of course, the solutions of Eq. (10.21) are also solution of (10.25).
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10.2.1 F (T )-models in FRW universe
Some explicit models of F (T )-gravity appeared in the recent literature [237]–[285]. Here, we
would like to present some applications of the formalism of modified teleparallel gravity applied
to FRW universe [238]-[241].
Example 1: M13-model
The Lagrangian of M13-model reads
F (T ) =
n∑
j=−m
νjT
j = ν−mT−m + ...+ ν−1T−1 + ν0 + ν1T + ...+ νnT n. (10.26)
Here, νj are generic constants. As an example, let us consider the particular case m = n = 1.
Thus, we have
F = ν−1T−1 + ν0 + ν1T, FT = −ν−1T−2 + ν1, FTT = 2ν−1T−3. (10.27)
By substituting these expressions into (10.18)–(10.19) we obtain
3
κ2
H2 = ρMGT + ρm , − 1
κ2
(2H˙ + 3H2) = pMGT + pm, (10.28)
where ρeff and peff are the effective energy density and pressure given by the modification via
F (T )-gravity, namely, for the specific case,
ρMGT =
1
κ2
[3H2 − 1.5ν−1T−1 + 0.5ν1T − 0.5ν0] ,
pMGT =
1
κ2
[6ν−1H˙T−2 + 1.5ν−1T−1 − 0.5ν1T + 0.5ν0 + 2(ν1 − 1)H˙ − 3H2] . (10.29)
The scalar torsion T is given by (10.20).
Example 2: M21-model
Our next example is the M21 - model ,
F (T ) = T + αT δ ln[T ] , (10.30)
where α and δ are constant paramters. We get
FT = 1 + α δT
δ−1 lnT + αT δ−1, FTT = α δ(δ − 1)T δ−2 lnT + α(2δ − 1)T δ−2. (10.31)
As a consequence, Eqs. (10.18)–(10.19) take the form (10.28) with
ρMGT =
1
2κ2
[2αT δ + α(2δ − 1)T δ lnT ] ,
pMGT = − 1
2κ2
αT δ−1[(2δ − 1)(T − 4δH˙) lnT + 2T − 4(4δ − 1)H˙ ] . (10.32)
The special case δ = 1/2 deserves a separate consideration. In this case the above expressions
assume a simple form,
ρMGT =
1
κ2
αT 1/δ, pMGT = − 1
κ2
αT−1/δ(T − 2H˙). (10.33)
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Example 3: M22-model
Now we consider the M22-model,
F (T ) = T + f(y), y = tanh[T ]. (10.34)
Thus,
FT = 1 + fy(1− y2), FTT = fyy(1− y2)2 − 2y(1− y2)fy , (10.35)
where the index ‘y’ indicates the derivative with respect to y. Equations (10.18)–(10.19) take the
form (10.28) with
ρMGT =
1
2κ2
[
2(1− y2)Tfy − f
]
, (10.36)
pMGT =
1
2κ2
[
8(1− y2)2T H˙fyy − (16yH˙T + 2T − 4H˙)(1− y2)fy + f
]
. (10.37)
Example 4: M25 - model
To consclude, we will consider the M25-model,
F (T ) =
n∑
j=−m
νjξ
j , ξ = lnT , (10.38)
where νj are generic constants. We take the case m = n = 1, namely
F = ν−1ξ−1+ν0+ν1ξ , FT = (−ν−1ξ−2+ν1)e−ξ, FTT = (2ν−1ξ−3+ν−1ξ−2−ν1)e−2ξ. (10.39)
In this case, the EOMs (10.18)–(10.19) lead to
2ν−1ξ−2 + ν−1ξ−1 + ν0 − 2ν1 + ν1ξ = 2κ2ρm, (10.40)
− 4H˙(4ν−1ξ−3 + ν−1ξ−2 − ν1)e−ξ − 2ν−1ξ−2 − ν−1ξ−1 + 2ν1 − ν0 − ν1ξ = 2κ2pm. (10.41)
10.3 Dark matter in F (T )-teleparallel gravity
As it is well known, dark (non-luminous and non-absorbing) matter is an old idea even before the
dark energy problem. The most accepted observational evidence for the existence of dark matter
comes from the astrophysical measurements of several galactic rotation curves. From the point
of view of the classical mechanics, we expect that the rotational velocity vϕ of any astrophysical
object moving in a (quasi) stable Newtonian circular orbit with radius r must be in the form
vϕ(r) ∝
√
M(r)
r
, (10.42)
where M(r) is identified with the (effective) mass profile thoroughly located inside the orbit and
depending on the radius. However, for many spiral and elliptical galaxies, the velocity vϕ is
approximately constant when the radius is very large, and this fact suggests the presence of an
undetected form of exotic matter, the dark matter, which actually composes about the 20% of our
universe.
In order to solve the DM problem [295] several proposals have been introduced. In this Chapter,
we will focus our attention on f(T )-gravity and we will show that in the context of this non-
Riemannian extension of the General Relativity, it is possible to explain the rotation curves of the
galaxies without introducing dark matter. In this Section, we will furnish a very simple example
of (teleparallel) F (T )-model able to describe the galaxies and the dark matter [296].
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10.3.1 Geometry of the galaxies
A typical spiral galaxy contains two forms of matter: luminous matter from stars and stellar
clusters; dark matter in the galactic halo which encapsulates the galaxy disk. Since the precise
form of distribution of dark matter in the halos is unknown, we assume that the spatial geometry
of galactic halo is spherically symmetric. Moreover, the dark matter halo is isotropic: the spherical
DM halo expands (hypothetically) only radially, without having tangential or orthogonal motions
relative to the radial one. Basing on the above assumptions, in the (quasi)-static case, the metric
of a static spherically symmetric space-time can be described, without loss of generality, as
ds2 = ea(r)dt2 − eb(r)dr2 − r2 (dθ2 + sin2 θdφ2) , (10.43)
where a(r) and b(r) are functions of the radius r. Four our attempt, this metric results to be in a
more useful form than the one in (2.51). The torsion scalar reads
T (r) =
2e−b(r)
r
(
da(r)
dr
+
1
r
)
. (10.44)
The components of field equations for an anisotropic fluid are [297]:
κ2
2
ρ =
F
4
−
[
T − 1
r2
− e
−b(r)
r
(
da(r)
dr
+
db(r)
dr
)]
FT
2
, (10.45)
κ2
2
prad =
(
T − 1
r2
)
FT
2
− F
4
, (10.46)
κ2
2
ptg =
FT
2
{
T
2
+ e−b(r)
[
1
2
d2a(r)
dr2
+
(
1
4
da(r)
dr
+
1
2r
)(
da(r)
dr
− db(r)
dr
)]}
− F
4
,(10.47)
0 =
(
cot θ
2r2
)
dT
dr
FTT . (10.48)
In the above expressions, T = T (r) is given by (10.44), prad and ptg are the radial and tangential
pressures, respectively, and ρ is the density profile. This last quantity is very important in as-
trophysical predictions. We focus on the following possible form of the model, which arises from
Eq. (10.48), namely
FTT = 0 , F (T ) = a0 + b0T . (10.49)
Here, a0 and b0 are constant parameters. In the next Subsection, by starting from this Ansatz,
we will solve the equations (10.45), (10.46) and (10.47) for the metric function a(r) (and b(r)).
10.3.2 Toy model of teleparallel gravity
By assuming a(r) = −b(r) and by imposing the isotropicity for the pressure components, namely
prad = ptg, the quasi global solution for the metric (10.43) when the torsion is constant (and
Eq. (10.48) automatically is satisfied) is the Schwarzschild-AdS/dS solution presented in Ref.
[297]. Obviously, this metric cannot generate the rotation curve of the spiral galaxies. Indeed, we
expect that the DM effects come from a non constant torsion, T = T (r) 6= 0. In order to check
other solutions, we assume the isotropic Ansatz for the matter distribution,
prad = ptg , (10.50)
and we put F (T ) = T , which corresponds to (10.49) with a0 = 0 and b0 = 1. In fact, we are consid-
ering teleparallel gravity, which is related to GR by some equivalence (see Eqs. (10.16)–(10.17)):
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however, we must not forget that we are dealing with a non-Riemannian manifold different to
the usual Einstein’s one, and in our attempt the effects of torsion may be used to explain the
phenomenology of DM.
Moreover, we introduce the following form for b(r),
b(r) = c0 , (10.51)
where c0 is a generic constant. This choice is motivated by physical reasons which can be found
in the corresponding renormalizable action for the theory and are well explained in Ref. [296] and
references therein. Thus, due to the assumption (10.50), by equaling the right sides of Eq. (10.46)
and Eq. (10.47), we obtain a differential equation for a(r), which finally reads
a(r) = log
[
r3−
√
13−4ec0
16(−13 + 4ec0)2
(
c1r
√
13−4ec
2 − c2
)4]
, (10.52)
where c1,2 are integration constants of the solution. As a consequence, from Eq. (10.45), we get
the density profile of the galaxy as
ρ(r) =
1
2κ2
[
c2 +
2c1(1− e−c0)
r2
]
. (10.53)
In order to set the values of c0,1,2 we may use the large set of cosmological data arisen from the
local tests of F (T )-gravity and based on the cosmographic description [298]. Here, we avoid to
enter in the details of the fitting of the parameters of our toy model for teleparlallel gravity and
we limit to plot the results in the figures.
The standard plot of torsion T (r) for the toy model under invastigation is depicted in Fig.
10.1. Its form is derived from Eq. (10.44) and it depends on the radial coordinate.
Figure 10.1: Plot of torsion scalar T as a function of r in toy model for teleparallel gravity.
Let us return now to the dark matter problem. The expression for rotation curves of galaxies
is given by [299, 300]
vϕ =
√
r
2
da(r)
dr
, (10.54)
as in the Einstein gravity.
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By substituting (10.52) in (10.54), we can plot the rotation (tangential) velocity of galaxy for
our toy model (we assume different viable parameters). Fig. 10.2 resembles the rotation curves
for large (spiral) galaxies [301, 302, 303]. The velocity tends to a constant value for r ≈ 3kpc, in
a reasonable agreement with the data. It is important to remark that the velocity profile shown
in this figure is constructed by starting from phenomenological toy models, and it is interesting to
see how the theory predicts the asymptotic constant bahaviour of the velocity without invoking
the dark matter.
Figure 10.2: Rotation curves for large spiral galaxy in toy model for teleparallel gravity. The units
of the vertical axis must be multiplied by a factor of ×10Kms .
As the last point, we mention that from observational data we know that there exists a core
with (roughly) constant mass density inside the galaxy. Many models have been proposed to
reconstruct this mass profile density. These models are used in the numerical simulations, for
example
ρNFW(r) =
ρi(
r
rs
)(
1 + rrs
)2 , (NFW) , (10.55)
ρΛCDM(r) =
ρ0
1 +
(
r
rc
)2 , (ΛCDM) . (10.56)
Here, ρi represents the density of Universe at the collapse time, ρ0 is the central density of the
halo, rs is a characteristic radius for the halo and rc is the radius of the core.
In Fig. (10.3), we compare the density profile coming from our toy model with the ones of
the models in (10.55)–(10.56), whose fittings can be derived from astrophisical data as in Ref.
[304, 305, 306]. We can appreciate the fact that the density profile of our toy model is very close
to NFW prediction and for large radius is also comparable with the pseudo-isothermal sphere
approximation introduced by ΛCDM Model.
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Figure 10.3: The astrophysical halo density profiles of NFW (dot line) and ΛCDM Model (dash
line) compared with toy model for teleparallel gravity (solid line).
Appendix A
The Tunneling method
In this Appendix, we present a short review of the tunneling method in its Hamilton-Jacobi
variant. The method is based on the computation of the classical action I along a trajectory
starting slightly behind the trapping horizon but ending in the bulk of a dynamical black hole,
and the associated WKB approximation (c = 1, ~ = 6.582 x 10−16eVsec),
Amplitude ∝ ei I~ .
The related semi-classical emission rate Γ reads
Γ ∝ |Amplitude|2 ∝ e−2ℑ I~ .
The imaginary part of the classical action is due to deformation of the integration path according
to the Feynman prescription, in order to avoid the divergence present on the horizon. As a result,
one asymptotically gets a Boltzmann factor β, and an energy ωK appears, namely
Γ ∝ e− β~ωK .
Thus, the Killing/Hawking temperature TK is identified as
TK =
1
β
.
To evaluate the action I, let us start with a generic static, spherically symmetric solution in D-
dimension, written in Eddington-Finkelstein gauge, which, as it is well known, is regular gauge on
the horizon
ds2 = γij(x
i)dxidxj + r2dΩ2D−2 = −B(r)e2α(r)dv2 + 2eα(r)dr dv + r2dΩ2D−2 .
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Here, xi = (v, r), where v is the advanced time. Since we are dealing with static, spherically sym-
metric solution space-times, one may restrict to radial trajectories, and only the two-dimensional
normal metric is relevant, and the Hamilton-Jacobi equation for a (massless) particle reads,
γij∂iI∂jI = +2e
α(r)∂vI∂rI + e
2α(r)B(r)(∂rI)
2 = 0 .
As a consequence,
∂rI =
2ωK
eα(r)B(r)
,
in which ωK = −∂vI is the Killing energy of the emitted particle. In the near horizon approxima-
tion, B(r) ≃ B′(rH)(r − rH) and, by making use of Feynman prescription for the simple pole in
(r − rH), one has
I =
∫
dr∂rI =
∫
dr
2ωK
eα(r)B′(rH)(r − rH − iε) ,
where the range of integration over r contains the location of the horizon rH . Thus,
ℑ I = 2πωK
eα(rH)B′(rH)
,
and the Killing/Hawking temperature finally is
TK =
eα(rH)B′(rH)
4π
.
If one had introduced the Kodama energy ωH = e
−αHωK , one would have obtained the Ko-
dama/Hayward temperature
TH =
B′H
4π
.
Appendix B
Energy conditions near the finite-time future singularities
We briefly discuss the energy conditions related with occurrence of singularities. We have four
types of energy conditions:
1. Weak energy condition (WEC): ρeff > 0 and ρeff + peff > 0;
2. Strong energy condition (SEC): ρeff + peff > 0 and ρeff + 3peff > 0;
3. Null energy condition (NEC): ρeff + peff > 0;
4. Dominant energy condition (DEC): ρeff > |peff |.
On the singular solution H(t) = h0/(t0 − t)β +H0, we get
ρeff + peff = − 2
κ2
h0β
(t0 − t)β+1 ,
where ρeff and peff are the effective energy density and pressure of the universe (deriving from
modified gravity, fluids, scalar fields...).
The effective dark energy related with Type I and III singularities (β > 0 , β 6= 1) violate the
SEC and the NEC also, whereas DE related with Types II and III satisfy the NEC.
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Note that
ρeff + 3peff = − 6
κ2
(
H20 + 2
h0H0
(t0 − t)β +
h20
(t0 − t)2β +
h0β
(t0 − t)β+1
)
.
The effective DE related with Type II singularities (−1 < β < 0) violate the SEC for small value
of t. Only when t is close to t0, the last term of this equation is dominant and the SEC is satisfied
on the singular solution.
In the case of Type IV singularities (β < −1), when t is really close to t0, the term H20 could
be dominant and the SEC is violated, expecially if |β| ≪ 1.
At last, it is easy to see that, on the singular solutions, when t is near to t0, the DEC is always
violated except for large value of H0 in the case of Type IV singularities, but also in this case the
behaviour of universe approaching the singular solution violate the DEC. As a consequence, since
ρeff has to be positive, the WEC always is satisfied on singular solutions.
Appendix C
Conformal transformation of exponential model for inflation
In several cases, a suitable conformal frame to study inflation may be the so-called “Einstein
frame”. A F (R)-gravity theory can be rewritten in the scalar field form via the conformal trans-
formation (see § 2.5).
By starting from the “Jordan frame” of F (R)-gravity in vacuum, the “Einstein frame” action
of the scalar field σ (here, we use a suitable renormalization),
σ = −
√
3√
2κ2
ln[F ′(R)] ,
is given by
IEF =
∫
M
d4x
√
−g˜
(
R˜
2κ2
− 1
2
g˜µν∂µσ∂νσ + V (σ)
)
,
where
V (σ) = − 1
2κ2
{
eσR(e−σ)− e2σF [R(e−σ)]} .
We remember that the form of conformal metric is g˜µν = e
−σgµν and R˜ is the Ricci scalar defined
by g˜µν .
As an example, we explore our unified model (6.21) with γ¯ = 1. Since we are interested in the
de Sitter solution at inflation, we take exp[−(R/Ri)n]→ 0 and neglect the Cosmological Constant
Λ of the first part. In this case, the potential V (σ) reads
V (σ) = − 1
2κ2
[
R˜i
(
e−σ˜ − 1
α
) 1
α−1 (
eσ˜ − 2e2σ˜)+ Λi e2σ˜
]
,
where σ˜ =
(√
2κ2/3
)
σ. According with § 6.4.1, we put R˜i = RdS. It is clearly seen that, on the
de Sitter solution describing inflation, the corresponding value of the field σ reads
σdS = −
√
3
2κ2
log[1 + α] , R = RdS ,
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and Vσ(σdS) = 0, where the index ‘σ’ denotes the derivative with respect to the inflation field
σ. Since Vσσ(σdS) > 0, the scalar potential has a minimum, that is a necessary condition for a
slow-roll inflation. For slow-roll parameters, we have to require
ǫ(σ) =
1
2κ2
[
Vσ(σ)
V (σ)
]2
≪ 1 ,
|η(σ)| = 1
κ2
∣∣∣∣Vσσ(σ)V (σ)
∣∣∣∣≪ 1 .
By defining the energy density and pressure of σ as ρσ = σ˙
2/2 − V (σ) and pσ = σ˙2/2 + V (σ),
these conditions imply that the gravitational field equations in the flat FRW space-time are given
by 3H2/κ2 = −V (σ), 3Hσ˙ ≃ −Vσ(σ), and that a¨(t) > 0, and hence guarantee a sufficiently long
time inflation. In our case, since V (σdS) 6= 0, these two conditions are well satisfied around the de
Sitter solution. Thus, since σ˙ ≃ 0, we find H˜dS = RdS/ [12(1 + α)] = R˜dS/12.
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